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Abstract 

We develop superspace techniques to construct general off-shell N < 4 super- 
conformal sigma-models in three space-time dimensions. The most general N = 3 
and M = 4 superconformal sigma-models are constructed in terms of N = 2 chiral 
superfields. Several superspace proofs of the folklore statement that M = 3 super- 
symmetry implies N = 4 are presented both in the on-shell and off-shell settings. 
We also elaborate on (super)twistor realisations for (super)manifolds on which the 
three-dimensional AA-extended superconformal groups act transitively and which 
include Minkowski space as a subspace. 
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1 Introduction 



Over the last few years the study of superconformal field theories in three space-time 
dimensions has received a renewed interest. The enthusiasm for this topic has been trig- 
gered by the works of Bagger-Lambert [T] and Gustavsson [2] who formulated for the 
first time a maximally supersymmetric Af = 8 Chern-Simons theory. The analysis un- 
dertaken in [H [2] was aimed at developing a description of the world-volume theory of 
multiple M2-branes. The same quest has later led to the Af = 6, U(iV) x U(iV) supercon- 
formal Chern-Simons theory introduced by Aharony, Bergman, Jafferis and Maldacena 
(ABJM) [3J, which is conjectured to describe the low-energy dynamics of a system of N 
M2-branes. In the context of the AdS/CFT duality, the ABJM theory in the large- N 
limit should be dual to the dynamics of M-theory on AdS4xS 7 /Z/ c . At present, exten- 
sions of the conjectured duality are a popular subject of investigation in the literature. 
On the CFT3 side it would be highly desirable to have a formalism in which a maximally 
possible amount of supersymmetry is realised off-shell and the superconformal transfor- 
mations of the multiplets originate in a simple geometric framework. Such properties are 
useful for investigating various dynamical aspects, including quantum computations, and 
may be helpful for constructing new nontrivial superconformal field theories. Keeping 
this in mind, in the present paper we develop superspace formulations for general Af < 4 
superconformal nonlinear sigma-models in three dimensions. Our main results concern 
the extended cases Af = 3 and Af — 4. 

Rigid superconformal sigma-models in three dimensions have recently been constructed 
in component formalism [4] building on earlier works [6], El EJ El HH] • It was shown, in 
particular, that for < 4 the sigma-model target space A4 is a cone with an appropriate 
Sasakian base manifold. Specifically, A4 is a Riemannian cone for Af = 1 [7] , a Kahlerian 
cone for Af = 2 [8], a hyperkahler cone for Af = 3 [HI [10]. If Af = 4, then A4 factorises into 
a product of two hyperkahler cones, one parametrised by hypermultiplets and the other 
by twisted hypermultiplets [HE]. In the cases Af > 4, the superconformal sigma-models 
were shown in [I] to have necessarily flat target spaces (symmetric target spaces in the 
locally supersymmetric case |6j). Although the approach of [I] is geometric and insightful, 
it is intrinsically on-shell. First of all, the superconformal transformations form a closed 
algebra only on the mass shell. Secondly, and most importantly, this formalism does not 
allow one to generate superconformal sigma-models with Af = 3 (which in fact implies 
Af = 4). Given a hyperkahler cone [3 [9], one can immediately write down the associated 
nonlinear sigma-model using the results of [J], but not vice versa. The approach of [4] 
does not offer sigma-model techniques to generate hyperkahler cones. Such techniques 
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will be developed in the present paper using the power of superspace model building. 

Our approach to construct off-shell superconformal sigma-models in three dimensions 
is an extension of the 5D Af — 1 and 4D Af = 2 superconformal projective multiplets 
and their self-couplings [HI [12l [13j [14]. Such multiplets are defined most naturally in 
projective superspace [T5], EES El • The 4D N=2 projective superspace approach is closely 
related to the harmonic one [HKIH], for both of them make use of the isotwistor superspace 
]R 4 I 8 x CP 1 = 1R 4 ' 8 x S 2 introduced for the first time by Rosly [20]. The two approaches 
appear to be complementary in many respects although the latter is more general [21]. 
As regards sigma-model applications, however, the projective superspace formalism turns 
out to be more efficient. The point is that sigma-models in harmonic superspace (see pj5] 
for a review) do not possess a natural decomposition in terms of standard 4D Af = 1 
superfields, a property that is absolutely essential for various applications. The existence 
of such a decomposition is one of the powerful inborn features of the 4D Af = 2 multiplets 
in projective superspace, both in the non-sup erconformal [TB"1 [T71 I2"2"] and superconformal 
[TTJ [121 [131 EEU [23] cases. Similar conclusions apply in three dimensions. 

It should be pointed out that hyperkahler cones, which are target spaces for 4D M = 
2 [24^ 1251 [9] and 3D Af = 3 superconformal sigma-models, are intimately related to 
quaternion Kahler manifolds which are target spaces for 4D M = 2 [26] and 3D M = 3 [6] 
locally supersymmetric cx-models. Specifically, there exists a one-to-one correspondence 
[27] (see also [28]) between An- dimensional quaternion Kahler manifolds and 4(n + 1)- 
dimensional hyperkahler cones. The superspace techniques presented in this paper provide 
a formalism for constructing Af = 3 rigid superconformal sigma-models generated by a 
Lagrangian of reasonably general functional form. Then, for any choice of the Lagrangian, 
the target space metric must be a hyperkahler cone. As a result, the superspace techniques 
allow us in principle to generate new quaternion Kahler metrics which in general are 
difficult to construct. 

The 3D Af = 3, 4 superconformal sigma-models, which will be constructed in this 
paper, can naturally be coupled to conformal supergravity [29], as a generalisation of the 
approaches developed for 5D A^ = 1 [30] and 4D Af = 2 [31] supergravity-matter systems. 

The literature on 3D supersymmetric field theories is vast and, unfortunately, we are 
unable to comment upon many interesting developments. However, we wish to mention 
a few classic works on off-shell superspace formulations. A thorough study of Af = 1 
supersymmetric theories is contained in Superspace [32] • Important results on M = 2 
supersymmetric theories appeared in [33J. The Af = 3 harmonic superspace approach 
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was developed in [33] (it was further reformulated and extended to Af = 4 in [35j)Jj The 
Af = 4 projective superspace formalism was developed in [331 EH EZ]- We should also 
mention early papers on 3D Af < 4 Chern-Simons gauge theories in superspace [37J 134"] . 

This paper is organised as follows. We start by describing (super) twistor realisations 
for (super) manifolds on which the three-dimensional AA-extended superconformal groups 



consider the non-supersymmetric case Af = and discuss in detail the structure of com- 
pactified Minkowski space. In section 3 we introduce compactified TV-extended Minkowski 
superspace. Its harmonic/projective generalisations are presented in section 4. Section 
5 is devoted to a thorough analysis of /V-extended superconformal Killing vectors, and 
the special cases Af < 4 are discussed in much detail. In section 6 we construct general 
off-shell Af = 1 and Af = 2 superconformal sigma-models. In sections 7 and 8 we derive 
off-shell Af = 3 and Af = 4 superconformal sigma-models formulated in terms of weight- 
one polar supermultiplets in projective superspace. Section 9 provides several proofs of 
the statement that Af = 3 supersymmetry implies Af = 4. In section 10 we construct the 
most general Af = 3 and Af — 4 superconformal sigma-models realised in terms of Af = 2 
chiral superfields. Concluding comments and discussion are given in section 11. We have 
also included three technical appendices. Our 3D notation and conventions are collated in 
Appendix A. Appendix B provides a supermatrix realisation for the A/"-extended super- 
Poincare group and Minkowski superspace. Finally, Appendix C describes the Af = 2 
reduction for Af = 3 and Af = 4 superconformal Killing vectors. 

2 Compactified Minkowski space 

As is known, the conformal group in d dimensions does not act globally on Minkowski 
space M. d = R" -1 ' 1 . However, its action is well-defined on a compactified version of 
Minkowski space M. d := (S^ 1 x S 1 )/^. In this section we present a twistor realisation 
for M 3 which can be naturally generalised to superspace. The realisation given below can 
be compared with the twistor construction of M 4 [391 HOI El S21 S3] (see [TTJ for a recent 
review) . 

1 An interesting application of the 3D J\f = 3 harmonic superspace is the recent formulation of the 
ABJM theory given in |36) . 

2 Such (super)manifolds have been discussed by Howe and Leeming 38J in a purely algebraic setting. 
Our approach elaborates on quite interesting geometric aspects that did not appear in |38j . 



act transitively and which include Minkowski space 




In section 2 we 
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2.1 Twistor construction 



Consider a symplectic four-dimensional real vector space. It can be identified with IR 4 
equipped with a skew-symmetric inner product: 

(*|*> J :=* T J* = * d J^^ = -<$|*> J , J=(J^)=(^ 1 A , (2.1) 

for any vectors $ G IR 4 . By construction, this inner product is invariant under the 
group Sp(2, M). The vectors $ G K 4 will be called tunsforsj 3 ! 

The elements of the group! 4 ] Sp(2,R) will be represented by 4 x 4 block matrices 

g = (gJ)= (£*J eSL(4,R), g T Jg = J, (2.2) 

where A, B, C and T> are 2x2 matrices. The symplectic group Sp(2, IR) is the 2-1 covering 
of the conformal group in three dimensions, SO (3,2). The group Sp(2,IR) is generated 
by its elements of the following three types: 

Type 1 : h(A) := ( ^° 1)T J , A G GL(2, R) ; (2.3a) 

Type 2 : s(C) := ( 12 ° ] , C T = C G Mat(2,R) ; (2.3b) 

\C 1 2 J 

Type 3 : J . (2.3c) 

The proof of this result is left to the reader as an instructive exercise. 

A Lagrangian subspace is defined to be a maximal isotropic vector subspace of IR 4 . Such 
a subspace is necessarily two-dimensional. We denote by M 3 the space of all Lagrangian 
subspaces of IR 4 . The group Sp(2, IR) proves to act transitively on the compact space M 3 
which can be realised as 

M 3 = U(2)/0(2) , (2.4) 

see, e.g., jH] for technical details. This homogeneous space with the transformation group 
Sp(2,R) is called the compactified Minkowski space. 



3 In four space-time dimensions, twistors are necessarily complex, see e.g. 143] . 
4 The group Sp(2,R) should not be confused with its compact sister Sp(2) := Sp(2,C)|"| U(4). Some- 
times, the group Sp(2,R) is denoted Sp(4,R), and similarly for its complexified version. 
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Let £ G Mr be a Lagrangian subspace. It is generated by two linearly independent 
twistors T M , with \i = 1,2, such that 

(T 1 |T 2 ) J = 0. (2.5) 
Obviously, the basis chosen, {T^}, is defined only modulo the equivalence relation 

{T^} ~ {T M } , f f * = T u R u fl , R G GL(2, R) . (2.6) 
Equivalently, we can think of the space M 3 as consisting of rank-two 4x2 real matrices 

(T 1 T 2 ) = (gj , F T G = G T F , (2.7) 

where the 2x2 matrices F and G are defined modulo the equivalence relation 



F\ FR 
Gj ~ I Gi2 



i? G GL(2, R) . (2. 



An open dense subset M 3 of M 3 consists of those Lagrangian subspaces which are 
described by 4 x 2 matrices of the form: 



G 



detF^O. (2.9) 
In accordance with the equivalence relation (12.81) . we then have 

x T = x G Mat(2,R) . (2.10) 



F ) - h 
G \-x 



The subset M 3 can naturally be identified with Minkowski space R 2,1 , as demonstrated 
in Appendix B. In what follows, we will not distinguish between M 3 and R 2 ' 1 . 

2.2 The conformal infinity of Minkowski space 

Let us analyse the structure of the boundary of Minkowski space in M 3 , that is 

<9M 3 = M 3 \M 3 . (2.11) 

For any point from <9M 3 , the 2x2 block F is singular, det F = 0. Because of the 
equivalence relation ( 12. 8ft . we can always choose 

To)- (2 - i2) 




for some two-vector / G M 2 . There are two different cases to consider: (i) / = 0; and 
(ii) / 7^ 0. In the case that / = 0, we have detG ^ 0, and thus for the corresponding 
Lagrangian subspace 

/ n \ / n \ 

(2.13) 

As a result, the case (i) leads to a single point in <9M 3 . The case (ii) is more interesting. 
Making use of the equivalence relation (I2.8p . we can normalise / by 

/ • / = 1 • (2-14) 

We still can change the sign of the vector, / — > —f, which amounts to residual Z2-freedom 
in the choice of /. For the matrix 




G 




9^0 



(2.15) 



the isotropy condition ( 12. 7ft gives 

f-g = 0. (2.16) 
Making use of the equivalence relation ( 12. 81) . we can impose the normalisation condition 

9-9 = 1 ■ (2.17) 

Moreover, the same equivalence relation still allows us to choose the direction of g such 
that the set {f,g} is an orthonormal basis of standard orientation in M 2 . In other words, 
the vector g is uniquely determined by the choice of /. With the vectors {/, g} having 
been fixed, the freedom (12. 8p still allows to perform transformations 

u^u + cg, ceR. (2.18) 

Thus, we can make u to be a multiple of /. We conclude that any Lagrangian subspace 
from the boundary (12.111) looks like 

/ft o\ 





h 
h 



A/i 



9i 

92 ) 



A e 



(2.19) 



where the two- vectors / and g form a standard orthonormal frame in R 2 . The space 
of two-frames {f,g} is topologically S 1 . On the other hand, in the limit A — > ±oo the 
Lagrangian subspace (I2.19P can be seen to turn into that defined in the case (i) above, as 
a result, we see that the boundary (12. lip is topologically 

M 3 \ M 3 = (S 1 x S 1 ) /Z 2 . (2.20) 
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2.3 The conformal algebra 

This subsection describes a useful matrix realisation of the conformal algebra Sp(2, R) = 
so (3, 2). In what follows we will use the following notation: 

la := (7a)/ , la ■= {la)^ = ll , la ■= (laU = l] • (2.21) 

Defining also e = {e alB ), the gamma-matrices are characterised by the property 

7 J = -e 7a e- 1 . (2.22) 

Introduce 4x4 matrices Fa, with A = a, 3, 4, of the form: 

r -(?(i)- *-(:?)■ r)- ^ 

They obey the anti-commutation relations 

{r A , T B } = 2r] AB U , Vab = diag (- + + + -). (2.24) 

Clearly, the matrices constitute a Majorana representation of the gamma-matrices for 
pseudo-Euclidean space 1R 3,2 . One easily checks that 

r T A = jr A j~ 1 , (2.25) 

with J = r r 4 the symplectic matrix (12.11) . 
As follows from (I2.24p . the matrices 

Zab:=\[T a ,T b ] (2.26) 

form the spinor representation of so (3, 2). It also follows from (I2.25P that T^ab obey the 
relations 

El B J + JE AB = , (2.27) 

and therefore they form a basis of sp(2,R). That is, for any u G sp(2,R), such that 
u T J + J u = 0, we have 

u = ^tu AB J: AB , u AB = -u BA E R . (2.28) 

The above consideration immediately leads to the famous result sp(2, R) = so (3, 2). 
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Given an arbitrary element u G £p(2, M), it can be represented as 
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Aq^ <^f^oP 


b a /3 







A-|/l 2 


b 


—a 


-A T + i/l 2 



\ a a = 0, a a P = a? a , b ap = b Pa . (2.29) 
Associated with J is the following automorphism of the conformal algebra: 



J 



A-|/l 2 


6 


—a 


-A T + |/1 2 



J- 1 



-A T + i/l 2 


a 


-6 


A-|/l 2> 



(2.30) 



2.4 Compactified Minkowski space a la Dirac 

Let £ be a Lagrangian subspace of R 4 generated by two linearly independent twistors 
T 1 and T 2 . It follows from fl2T25|) that 



(T»\r A \T»)j = -(T»\r A \T»)j . 

Applying the equivalence transformation ( 12. 6 p to (T M |r a\T u ) j gives 

(f^\T A \f u ) j = det i? (T"\T A \T U ) j . 
As follows from the identity 

{jr A ) & p{jr A y* = -rh^ + 2(j &Af j^ - , 

the five-vector 



X A ._ ( T l|p4| T 2^ 



belongs to the cone C in M 3 ' 2 defined by 



r lAB X A X B = . 



(2.31) 



(2.32) 



(2.33) 



(2.34) 



(2.35) 



It is an instructive exercise to demonstrate that any null vector X A G C can be represented 
in the form (I2.34p . for some null twistors T 1 and T 2 which generate a Lagrangian subspace 
of M 4 . 



It follows from the above consideration that the five-vector ( I2.34p is defined modulo 
the equivalence relation 



X A ~ XX A 



AgR - {0} 



(2.36) 
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which identifies all points on a straight line in IR 3,2 . The space of all straight lines through 
the origin of the cone C in IR 3,2 , eq. (I2.35p . is known as Dirac's conformal spaced [4"5] 
(although it had been introduced a decade earlier by Weyl |46j) which is topologically 
(S 2 x S 1 )/^. We conclude that M 3 can be identified with Dirac's conformal space, 

M 3 = {S 2 x S 1 )/Z 2 . (2.37) 



3 Compactified Minkowski superspace 

In this section we generalise the construction of 3D compactified Minkowski space 
to A^-extended superspace. Our presentation will be similar in spirit to that given in 
[TTj for the case of four space-time dimensions. In its turn, the work of [11] built on 
Manin's approach to the 4D A^-extended superconformal symmetry [UJ in conjunction 
with Ferber's concept of supertwistors [4*8] . 



3.1 The superconformal group 

Associated with the symplectic super-metric 

J = 



J 
il x 



is the symmetric purely imaginary quadratic form 



(3.1) 



(3.2) 



which is defined on the superspace IR^' 4 parametrised by 4 anticommuting real variables 
( and M commuting real variables y, 



y 



isT 



(C T , y T ) = ^ 



<0 



e{y) = . 



(3.3) 



Here and in what follows e(s) denotes the Grassmann parity of a supernumber s. Any 
element S £ R-^l 4 of the form (13.31) will be called an odd real supertwistor. Given a linear 
transformation 



z z = g z , 
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A 


B 


C 


D 



(3.4) 



3 In [IS] Dirac credited Oswald Veblen with the general theory of conformal space. 
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it leaves the quadratic form (13.21) invariant if the supermatrix g obeys the equation 



9^9 



(3.5) 



Such supermatrices form the supergroup OSp(A/"|2, R) which is the AA-extended supercon- 
formal group in three space-time dimensions. The even matrices A, D and the odd matrix 
B in (13 .4p have real matrix elements, while the odd matrix C has purely imaginary matrix 
elements. Supermatrices g of this type will be called real. 

The quadratic form (13. 2 j) can naturally be extended to the symmetric inner product 
on M^l 4 defined by 



(E|S)j := S sT JH=(H|S; 



J ) 



(3.6) 



with S and S being arbitrary odd supertwistors. This inner product is obviously invariant 
under the action of 0Sp(jV|2,R). 

The superconformal algebra osp(J\f\2, R) consists of real supermatrices obeying the 
master equation 



to 



sTi 



u> = 



(3.7) 



The general solution of this equation is 







b 


VV \ 


-1 


—a 


-A T + i/l 2 


-V2e T 






iV2r] 


r ) 



—a 



a/3 



i\/2 



V2< 



I,J=l,...,Af (3.1 



ru ) 



X a a — , a aP = a pa 



b a /3 — bp a , 



ru = -Tji . 



The bosonic parameters Ac/, /, a a p, b a ^ and rjj, as well as the fermionic parameters 
e a i = ei a and r) a i = Via in (I3.8P are real. 
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3.2 Compactified Minkowski superspace 



The superconformal group 0Sp(jV|2, R) naturally acts on R 4 ^ parametrised by ele- 
ments of the form: 



/ fa\ 

g a 



e(f a ) = e(g a ) = , e(tp T ) 



(3.9) 



with the components f a and g a being real commuting, and real anticommuting. This 
action preserves the inner product on R 4 ^ defined by 



(S\Th 



5 sT JT 



(T\Sh 



■ysT 



{fa , g a , - i <Pl) 



(3.10) 



with the super- metric J defined in 03. ip . Any element S G R 4 '-^ is called an even real 
supertwistor. 

By analogy with the non-supersymmetric case, we define a Lagrangian subspace of R 4 '-^ 
to be its maximal isotropic subspace. We denote by M 3 I 2A ^ the space of all Lagrangian 
subspaces of R 4 ^. Given such a subspace, it is generated by two supertwistors such 
that (i) the bodies of T 1 and T 2 are linearly independent; (ii) they obey the null condition 



(T L \T 2 ), = 0; 

(iii) they are defined only modulo the equivalence relation 



T v R,/ 



R e GL(2,R) . 



(3.11) 



(3.12) 



Equivalently, the space M 3 ' 2A ^ consists of rank-two supermatrices of the form 



(T 1 T 2j 



G 
\iTj 

which are defined modulo the equivalence relation 



G T F = F T G + i T T T , 



(3.13) 



G 



( FR \ 

GR 
[iTRj 



R e GL(2, 



(3.14) 



Here F and G are 2x2 real bosonic matrices, and T is a M x 2 real fermionic matrix. 
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A dense open subset M 3 ! 2 -^ of M 3 I 2A/ " consists of those Lagrangian subspaces which are 
described by supermatrices A3. 13[) under the condition 

detF^O. (3.15) 

Using the equivalence relation (13. 14ft . such a supermatrix can be brought to the following 
canonical form: 



(T 1 T 2 ) 



G ~ -x afi + ±e a ?9 2 
\iTj \ iV26/ J 



e 2 ■= ep al . (3.i6) 



Here the bosonic x al3 and fermionic Of = Of 1 parameters are real. Therefore, the subset 
M 3\2Af c ^ 3 |2AT defined by eq _ ( |335|) can be identified with M 3 l 2A/ \ 

Given a group element g G OSp(jV|2, R), its (local) action on the points of M 3 ' 2A ^ can 
be derived by the rule 





( 12 \ 


( 12 \ 


9 


-Z(_) = 






\iV26 J 


\iV26'J 



R(g;x, 



R(g;x,0) eGl(2, 



(3.17) 



where we have denoted 



x H :=x-\e0 2 = - ^0 2 ) , := ((9/) . 



(3.18) 



In the case of an infinitesimal superconformal transformation (I3.8p . from (13.17P we derive 
8xr \ = a — A T a;(_) — Xr\X + f %(-) + xr^bxr) + 2ie T 9 — 2ix^r] T , (3.19a) 



56 = e-9\ + -f9 + r9 + 9bx { _ ) - 
These relations can be rewritten as 

^ m = r+i£?(7 m M? 



2i 077 T . 



S9f = 



(3.19b) 



(3.20) 



where £ m (x, 0) and £f(x,9) are the components of a superconformal Killing vector field. 
These objects will be studied in section [5j 



4 Compactified harmonic/projective superspaces 

We wish to construct new homogeneous spaces, M 3 ' 2 -^ x X^, of the superconformal 
group OSp(jV|2, M) that include M 3 ' 2 ^ as a submanifold, for any integer m 

6 As usual, we denote by [M /2] the integer part of M /2. 
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Our approach will be analogous to the four-dimensional construction of [TT] which built 
on earlier works [HI [50j [51] . 



4.1 Projective realisation 



Along with the two linearly independent even real supertwistors T 1 and T 2 under the 
null condition (13. lip , we also consider m odd complex supertwistors E 1 , with i = l,...,m, 
such that (i) the bodies of S 1 are linearly independent; (ii) any linear combination of the 
supertwistors and S- is null, that is 

(T»\T V ) 3 = (T»\Yi)j = = • (4.1) 

The supertwistors T M and S 1 are assumed to be defined modulo the equivalence relation 














GGL(2|m,C), ReGl(2,R). (4.2) 



We emphasise that both the fermionic B v - and bosonic Dj l matrix elements are complex. 
The space M 3 ' 2A ^ x is defined to consist of the equivalence classes associated with all 
possible (T M , S 1 ) under the above conditions. 

There are several important comments to be made. Firstly, the invariant inner product 
( , )j possesses the following symmetry property 

(ri|r 2 }j = -(-i) eie2 (r 2 |ri)j, (4.3) 

where denotes the Grassmann parity of TV Secondly, associated with the odd super- 
twistors E 1 are their complex conjugates E 1 which possess analogous properties 

(T"|Ei) J = (E i |Ei) J = 0. 



One can also see that the 2m supertwistors E 1 and E- are linearly independent, 

det (E^)j ^ . 



(4.4) 



(4.5) 



We are mostly interested in the dense open subset M 3 l 2Ar x X^ of M 3 l 2Ar x X^. For 
its points, the even supertwistors can be chosen as in (13.161) . Making use of the null 
conditions (14.1 j) and the equivalence relation (14. 2p . it is not difficult to show that the 
points of M 3 l 2Ar x X^ can be parametrised by supermatrices of the form: 



(T 1 T 2 ) 



-x 



S 



\ 



/ 



(e 1 • • • E m ) 



o 



\ 



(4.6) 
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Here the m complex vectors Zi = (Zji) E — {0} are required to be linearly independent 
and subject to the null conditions 

Zi-Z h -:=ZjiZi*-=Q , Vj,fc = l,...,m (4.7) 

and are defined modulo the equivalence relation 

Zjl ~ Z£D£- , D = {Djf) e GL(m,C) . (4.8) 

The complex A/"-vectors Zi- can be represented as a superposition of their real and imag- 
inary parts, Zi = -^(X^ + iYt). Then, the null conditions (14. 7p take the form: 

Xi- X k = Yi-Y^ , Xi-Y^= -X^-Yi , Vj,fc = l,...,m . (4.9) 



4.2 Harmonic realisation 



We would like to describe an alternative realisation of the space M 3 ' 2 ^ x X^. It 
differs from the projective realisation considered above, but is equivalent to it. Along 
with the two linearly independent even real supertwistors T 1 and T 2 and the m odd 
complex supertwistors S 1 under the null conditions (14. ip . we also consider Af — m > m 



odd complex supertwistors T-, with I 



, Af — m, such that (i) the bodies of S- 



and T- form a basis for C^; (ii) the odd supertwistors T- are orthogonal to the even 
supertwisors, 



(4.10) 



The set of 2 + Af supertwistors T M , S- and T- is assumed to be defined modulo the 
equivalence relation: 







-E^ 1 c„- ^ 


Y,\ T-) ~ (T v , Hi Y-) 









v o 


F/7 



(4.11a) 



Here the (2 + A/") x (2 + Af) supermatrix on the right is chosen such that 

GGL(2|A^,C), Re GL(2,R) 



/J2 









\o 


F J 



(4.11b) 
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but otherwise it is arbitrary. It is not difficult to show that the space M 3 ' 2 -^ x can 
be identified with the space of equivalence classes associated with all possible triplets 
(T M , E 1 , T-) under the above conditions. 

We consider the Minkowski patch and choose the isotwistors and S 1 as in (|4.6J) . 
The equivalence relation ( 14.1 lap allows us to choose the Af — m odd supertwistors T- in 
the form: 

/ \ 



(T 1 --- t N ~ m ) - 



(4.12) 



for some complex M- vectors W- = (Wj— ). By construction, the set of m vectors Z 3 - in 
(14. 6 p and the set of J\f — m vectors W- must form a basis for C^. The former is defined 
modulo the equivalence relation (14. 8p . Similarly, the latter is defined modulo the following 
equivalence relation 

Wi l ~ Z^E/ + W^Fk L , £reC, (%-) e GL(A/" - m, C) . (4.13) 
On an open subset of the space ( 14. 71) . the equivalence relation ( 14.8[) can be used to choose 

(Z/)=fM , (4.14) 

where £ is a complex (A/ - — m) x m matrix obeying the equation 

C T C = -lAT- m - (4.15) 
After that, the E- gauge freedom ( I4.13P allows us to choose 

(W^)=(°\, uj e GL(A/" — m,C) . (4.16) 

Finally, the F-gauge freedom ( I4.13P allows us to choose 

( ^ = (JJ- (4 ' 17) 

We see that the N — m odd supertwistors T- do not add any new degrees of freedom. 

Up to an equivalence transformation, we can always choose W- to consist of two 
subsets W- = {Z l , R—}, where Z- is the complex conjugate of Z 1 , while 2m vectors R— 
are real and orthogonal to Z- and Z\ 

Z 1 -- R^ = Z 1 -- R^ = , i = l,...,m, a = l,...N-2m . (4.18) 



17 



Using the freedom to perform equivalence transformations (14.81) . we can bring the Hermi- 
tian nonsingular matrix Z- ■ Z 3 - to the form 

Z*--Z 3 -=SP-. (4.19) 

If the null TV-vectors Z- are represented as a sum of their real and imaginary parts, 
£i = i (Xi + iyi), then eq. (j£I5J) is equivalent to 

x i -xi = F 1 -yi = ^ , x i -yi = o Vz,j = i,...,m . (4.20) 

Using the freedom to perform equivalence transformations ( 14. 8p . we can also choose the 
real vector R— to form an orthonormal set, 

R^.R? = 5^. (4.21) 

Now, the M vectors {X-, Yi, R-} generate a group element g := (X/ 1 , Yji, Rj-) G SO(jV). 

4.3 Some special cases 

For Af > 2 and m = 1 the internal manifold X^ proves to be a symmetric space, 

= S0(Af)/S0(Af-2) x S0(2) , M > 2 . (4.22) 

In the J\f — 2 case, the space X 2 reduces to just two points, z} 4 "-* = (l/v^2)(l, +i) 
and Z { ~ ] = (l/V2)(l,-i), which can be seen to correspond to the chiral and antichiral 
subspaces of M 3 ' 4 . 

In the case M = 3 and m = 1, to solve the null condition ZjZi = 0, it is useful to 
replace the SO(3) index of Zj by a pair of isospinor ones, 

Zj ->• Zi :=-^=(Z- a)i j = Zi{ti)* , Z> = , (4.23) 
V2 

with <j the Pauli matrices. Then, the null condition Z^Zj = is solved by 

Z l3 =v l v 3 , ^GC 2 \{0}. (4.24) 
The equivalence relation (14. 8p turns into 

v* -> \v* , A G C — {0} (4.25) 
and thus the internal space X 3 is CP 1 . 
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In the case M = 4 and m = 1, to solve the null condition ZjZj = 0, it is useful to 
replace the SO(4) = (SU L (2) x SU R (2))/Z 2 index of Z z by a pair of different isospinor 
ones corresponding to the groups SUl(2) and SUr(2), 

Zj Z~ k := -j=(Z- a)f + ^=Z& k = Zjin)* . (4.26) 

Then, the null condition ZjZj = is solved by 

Z fk = vlvl (4.27) 

for two non-zero isospinors v l L and 4 transforming under the groups SUl(2) and SUr(2) 
respectively. The equivalence relation ( 14. 8 ft turns into 

vL^Xfivi, 4->-4, A,/iGC\{0}. (4.28) 

We conclude that X| = CP 1 x CP 1 . 

In conclusion, consider the case TV = 4 and m = 2. We have to deal with two linearly 
independent four-vector Z± G C 4 obeying the null conditions 

Z + ■ Z + = Z_ ■ Z_ = Z + ■ Z_ = . (4.29) 

A general solution to these conditions proves to be a sum of two partial solutions: 

Zf = «4 4 , « w_) e GL(2, C) , 4 e C 2 \ {0} ; (4.30a) 
Zf = vlwl, (wl w*) E GL(2, C) , vl E C 2 \ {0} . (4.30b) 

For the family of first solutions, eq. (I4.30aj) . the gauge freedom (14. 81) can be used to choose 

(wi wl) = l 2 . (4.31) 

After that we are still left with a residual gauge freedom of the form: 

4~A4, AgC\{0}. (4.32) 

Therefore, the internal space in this case is CP 1 . The same consideration applies to the 
family of solutions (PObl . We conclude that X 4 = CP 1 IJCP 1 . 
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5 Superconformal Killing vector fields 



For various studies of four-dimensional M = 1 superconformal field theories in su- 
perspace, the concept of superconformal Killing vectors G2H EH E5] has been shown 
to be indispensable, see e.g. [5H EZ]- This concept has been generalised to A/"-extended 
superconformal symmetry in three (58], four [511 [59] and six [60] dimensions. The five- 
dimensional case has been worked out in [11] . Here we elaborate on the salient properties 
of the 3D A/"-extended superconformal Killing vectors in a form that is more close in spirit 
to the presentation given in [11] . 

5.1 N-extended superconformal Killing vector fields 

Consider the 3D TV-extended Minkowski superspace M 3 ' 2A ^ parametrised by real bosonic 
and fermionic coordinates z A = (x a , Of), where 1 = 1,... ,Af. We recall that the spinor 
covariant derivatives obey the anticommutation relations 

{D I a ,D J f3 }=2i5 IJ { 1 m Ud m . (5.1) 

Superconformal transformations, z — > z A + 5z A = z A + q(z), are generated by super- 
conformal Killing vectors. By definition, a superconformal Killing vector 

£ = C(z) d a + if{z) Di (5.2) 

is a real vector field obeying the condition 

[t,D%<xD< (5.3) 

which is equivalent to 

^ = 2i5 /J ( 7 b W£?- (5-4) 

Using this condition, it is a short calculation to show that ^ a {x, 0) is an ordinary conformal 
Killing vector (parametrically depending on 0) 

2 

daib + d b £ a = -Vabd c £ c ■ (5.5) 
An important implication of f!5.4p is 

9(^^ = 0. (5.6) 
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Direct calculations give 



It, K\ = -(Di&Di = "J{z)Dl + A IJ (z)D J a - \a{z)D{ , (5.7) 



where we have defined 



u a () := -jjDf^ = --9 7 ( Q ^) 7 , (5.8a) 

A IJ := -2D [ li J]a , (5.8b) 

a := life? = l -d a C . (5.8c) 

Here the parameters uj a p = upa, A IJ = —A JI and a correspond to ^-dependent Lorentz, 

SO (A/") and scale transformations. These transformation parameters are related to each 
other as follows: 

D^Ufr = Ea^D^a , (5.9a) 

D I a A JK = -26 I[J D^a . (5.9b) 

Making use of (l5.8aj) gives 

d aP u aP = . (5.10) 
In conjunction with (15. 9 aft , this identity implies that 

D aI D J a a = . (no sum in 7) (5.11) 

5.2 N = 1 superconformal Killing vector fields 

In this subsection, we specialise the above results to the case Af = 1. 
The M = 1 superconformal Killing vectors 

Z = £ a d a + £ a D a (5.12) 

are characterised by the property 

[i,D a ] = ujD p -^<TD a , (5.13) 

where the ^-dependent parameters of Lorentz (oj a p) and scale (a) transformations are 

1 

u a/3 := -£>(a£/3) = -^<9 7 (a£/3) 7 , (5.14a) 

o := D a C = ±d a ? . (5.14b) 
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These parameters are related to each other by the relation 

D a up 1 = e a (pD^a , (5.15) 

which implies 

D 2 a = 0. (5.16) 

5.3 N = 2 superconformal Killing vector fields 

In the Af = 2 case, it is useful to introduce a new basis for the spinor covariant 
derivatives. Instead of the covariant derivatives D^, with I = 1,2, we introduce new 
operators D a and D Q defined as 

B a = -L(Dl - iDl) , B a = -A=(I% + i£>a) • (5-17) 

They have definite U(l) charges with respect to the group S0(2) e OSp(2|2, M.) and satisfy 
the anticommutation relations 

{© Q , Bp} = -2i d aP , {© Q , %} = {© Q , %} = . (5.18) 

The superconformal Killing vector, £ = £ a <9 a + £f D^, takes the form 

Z = Cd a + C® a + L^ a , (5-19) 
where the spinor £ Q and its complex conjugate £ a are defined by 

r = + i£ 2 a ) , C = ^|(^ - i£ 2 a ) • (5.20) 

It is easy to see that £ Q is chiral, 

%£ a = . (5.21) 



Our next task is to express the parameters (15.8a[) . (15 .8b|) and fl5.8cj) in terms of £ a and 
its conjugate. Direct calculations givd^ 

uj afi = -D( Q £/3) = B(aCs) = -^ 7 (a^/3) 7 , (5.22a) 
A /j = £ u A ^ A = l _ + p^ 7 j ) (5.22b) 

a = 1 (o 7 e - o 7 e) = ~a a £ a . (5.22c) 



7 Here the antisymmetric tensor e IJ is denned by e 12 = 1. 
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If we define 



cr:=a + iA, a = ^(cr + cr) , (5.23) 



then eq. (15.9bjl is equivalent to the fact that cr is chiral, 

D Q cr = . (5.24) 

It follows from eq. (15. lip that 

OV = . (5.25) 

Finally, the master relation (15. 7\\ turns into 

[£, B a ] = ujBp + -(<r- 3d-) B a . (5.26) 

5.4 N = 3 superconformal Killing vector fields 

As follows from eq. (I5.8c|) . the case A^ = 3 is special in the sense that the supercon- 
formal transformations preserve the volume, d 3 xd 6 9, of Minkowski superspace m,r ' " 



{-l) A D A i A = , D A := (d a , Di) . (5.27) 
This is similar to the four- dimensional M = 2 case, see e.g. [12J. 



It is useful to convert each SO(3) vector index into a pair of two isospinor ones by 
the rule (I4.23p . The isospinor indices will be raised and lowered using the antisymmetric 
SU(2) invariant tensor and £ lJ (normalised as e 12 = £21 = 1). The rules for raising and 
lowering the isospinor indices are 

V* = , 1>i = £i^ j • (5.28) 

In particular, associated with the matrices (r)/, eq. (I4.23p . are the symmetric matrices 
( T i)ij — ( T i)ji an d (ti)^ = (tt) 3 ' 1 which are related to each other by complex conjugation: 



(r/) tJ = (tj^ . (5.29) 

If Aj and Bj are SO (3) vectors and and B^ the associated symmetric isotensors, then 
the dot-product reads as 

A - B := A1B1 = AijB ij . (5.30) 
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Given an antisymmetric second-rank S0(3) tensor, A IJ = — A J/ , its counterpart with 
isospinor indices A y = — A fchj = A lj (T/) y '(rj) can be decomposed as 

A ijki = £ ji A ik + £ ik A ji ^ A *j = A ii _ ^ 31 ) 

Note that the spinor covariant derivatives = (tjY^D^ satisfy the algebra 

{D i lDf} = -2ie i ^e^d a(3 . (5.32) 

In terms of the superspace coordinates z A = (x a ,8°j), with Qf- := (rj)ij9f, the explicit 
realisation of the covariant derivatives is 



D ^ = 7^ + [d ^- ( 5 - 33 ) 



i.) 



The master relation (I5.7P in the SU(2) notation takes the form 



[£, D%} = U J>D$ - K\D k J - h? k ^ - \oDt , (5.34) 



2 

where we now have (£"• = (t 7 )^") 



1 ^ 1 



= ~-D ( J m = --9 (a 7 ^ )7 , (5.35a) 
A l3 = - A DKa k , (5.35b) 



4~ a(iv/)ft 1 

3 aS « 3 



a = -/r/Q = 77^ . (5.35c) 



The above parameters are related to each other by the following relations: 

Dgufa = e^D^a , (5.36a) 
D^'=\^D'l>a + \^a. (5.36b) 

According to the analysis of section HI in the M = 3 case it natural to introduce a 
SU(2) complex isotwistor v l which defines a null S0(3) vector Zj = i;V(rj)ij. It is useful 
to introduce two complex isospinor v l and u % which can be used to change basis for the 
isospinor indices e. g. by using the completeness relation 

6) = . 1 . (v l Uj - v-u 1 ) , (v,u) := v l Ui . (5.37) 
J (v,u) 

The choice of Ui is restricted only by the condition (v,u) ^ 0. 
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In the {v , w}-basis, the spinor covariant derivatives D l J turn into Da\ D a °^ and D a ^ 
defined as follows 

D a V := Vi0j D% , £>£> := -r^v^D* , Z^ 2) := ? -i-u i « i £>j? , (5.38) 

1^5 UJ [V, U) 

where the superscript on D a 2 \ and D a ~ 2 ^ indicates the degree of homogeneity in vs. 
The spinor covariant derivatives satisfy the algebra 

{D {2 \ Df} = {D { - 2 \ D { - 2) } = , (5.39a) 

{D (2) ,D { - 2) } = 2id a p , {D<?\ Df} = -id afi , (5.39b) 

{D {2 \ Df} = {D { ~ 2 \ Df} = . (5.39c) 

(2) 

The derivatives D a can be used to define analyticity constraints on superfields. 

In the basis for the covariant derivatives introduced, the superconformal Killing vector 
takes the form 

£ = Cd a + C {2)a D^ - 2^ a D^ + £H»>«£)W , (5.40) 
where we have introduced the spinor components 

:= vVCi , := T^—y^^j , & 2)a ■= T^uV'e?- • (5.41) 

j {v,u) J (v,uy J 

Note that the ^ a satisfies the analyticity condition 

D f^2)a = _ (5>42) 

(2) 

The covariant derivatives satisfy the master relation 

e - A {2) &- 2 \ D^] = ujjDf - (2S - \a)D a ^ . (5.43) 
Here we have introduced the scalar superfields 

A (2) := v iVj A ij , A (0) := -L- ViUj A ij , £ := \a + A (0) , (5.44) 
and used the isotwistor derivatives 

d { - 2) = j^—y^- , = (v, uy A . (5.45) 

One can check that 

£>(0)£(2)7 = _ L) (2)^(0) 7 = _ 2A (2) (5>46) 
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The following important relations can be easily derived 

D^A^ = D<?>£ = , <9 (2) £ = A< 2 > 



(5.47) 



For later use, it is important to note that the volume-preservation identity eq. ( I5.27P 
can be rewritten in the form 

da ^ _ D (-2)£«(2) + 2^(0)^(0) _ a (-2) A (2) = 2S (5>4g) 



5.5 N = 4 superconformal Killing vector fields 

In complete analogy with M = 3 supersymmetry, in the M = 4 case it is also useful to 
convert the SO (4) vector indices into pairs of isospinor ones. This is achieved by making 
use of the matrices {ri) k through the conversion rule ( I4.26p . The isospinor indices i and 
k respectively transform under SU L (2) and SU R (2) of SO(4) S (SU L (2) x SU R (2)) /Z 2 . By 
using the antisymmetric invariant tensors £ij,£ i: * and e kl ,e^i, we will raise and lower the 
SU(2)s indices according to the rule 

^ = , = ^ ! (5.49a) 

Xk = £EX l , X k = £ H XI ■ (5.49b) 

Then, associated with the matrices (ri) k there are the matrices (tj)^ = £fcf(Vr)/ and 
(ri) lk = e l: >(Tj)j k which are related to each other by complex conjugation: 



(r/U = (rjY k . (5.50) 

Given two SO (4) vectors Aj and Bj and A ik - and B ik - their associated isotensors, the 
dot-product reads as 

A ■ B := = A fk B ik . (5.51) 

It follows that in the isospinor notation the covariant derivatives D lk = {rx) lk D I a satisfies 
the algebra 

{Df,Df} = 2is^e kT d^ . (5.52) 

In terms of the superspace coordinates z A = (x a ,8?j), with 9?r := (Ti) k i9f, the explicit 
realisation of the covariant derivatives is 

D a=^ + <AP- ( 5 - 53 ) 
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An antisymmetric second-rank SO (4) tensor, like the superfield A IJ = —A JI , is trans- 
formed to the isotensor A J = — A J = A /J (r/)* fc (rj) j7 . This can be expressed in terms 
of its SO (4) self-dual and antiself-dual parts according to the following decomposition 

A fkjJ = e M kl + e«Ag" , Ag = A? , A§~ = Ag . (5.54) 

The symmetric A^ and Aj^ parameters together with 00^ and a of (I5.8ap . f )5.8cj) are 
expressed in terms of the spinor Q = (tj)^" as 

A? = , A? = ^ , (5.55a) 

W a/3 = _ ^-0(a^/3)ifc = ~ ^(q, 7 ^^ ' (5.55b) 

o = \D^l = \d a i a . (5.55c) 

The above superfields turn out to be related to each other by the following equations 

D%Ufr = e^D^a , (5.56a) 
D«A£* = e^Dfa , D ik A| = e^'D^a . (5.56b) 

Note also that the equation (15. 7j) in isospinor notation takes the form 

[£, £>S = ^Df + {A^D% + (Aa)^ - . (5.57) 

By using two complex isotwistors, similarly to the analysis of subsection I5.4[ we can 
change basis for the isospinor indices. For example, we introduce two left-isospinors 
t>L : = and ml '■— (u l ), which satisfy the very same relations as (15.371) . and define new 
spinor covariant derivatives 

D^~ k := Vi Df , D^ k := -J—^D* . (5.58) 

{vl,u l ) 

Here the superscript on D a and D^^ k indicates the degree of homogeneity in vs. The 
spinor covariant derivatives satisfy the algebra 

{D^\ Df} = {D™*, D { - 1)! } = , (5.59a) 
{D^ k ,D ( f 1)I } = -2ie M d^ . (5.59b) 

In particular the D a ^ k derivatives represent a maximal anti-commuting subset of the D tk 
derivatives and can be used to define consistent analyticity constraints. 
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In the covariant derivative basis just introduced, the superconformal Killing vector 
takes the form 

£ = Cd a ~ i [1) tD^~ k + ^%D^ , (5.60) 
where we have introduced the spinor components 

:= -v^l , & 1} t := -J^ftl ■ ( 5 - 61 ) 



= . (5.62) 



Note that the superfield is constrained by the condition 

,(i)e(i)a 

The covariant derivatives Da ^ satisfy the master relation 

£ - A?dt 2 \D^] = u^D™ - (^S L - A^)D« . (5.63) 
Here we have introduced the scalar superfields 

A? := ViVjA* , A[ 0) := j^—^v^ , S L := \a + Af . (5.64) 
One can derive the following relations between the previous parameters 

= 4A (2) ; (5 65a) 

I# )5 A?> = Z^El = , ^ 2) S L = A[ 2) . (5.65b) 

We conclude by giving the following equation 

daC + D^ k ^% - a[~ 2) A[ 2) = 2S L (5.66) 

which will be crucial in the formulation of a manifestly superconformal M = 4 action 
principle. 

In complete analogy with the previous discussion, we also introduce right isotwistors 
vr '■= (v k ) and Mr := (u%) such that (fR, Wr) := v k uj t ^ 0, and use them to change basis 
for the right-isospinor indices. We then define new covariant derivatives 

:= v- k Df , := —L-wjD* . (5.67) 



They satisfy anti-commutation relations analogous to eq. ( I5.59aj) and (15.59bj) . Note that 
the spinor derivatives Da^ % represent a second maximal anti-commuting subset of the 
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operators D 1 ^ and can be used to define a new type of constrained superfields. One 
can then rewrite the superconformal Killing vector in the Da ^ basis, and all the results 
in fl5.60p - fl5.66p carry over with the only modification that the left sector is changed 
everywhere with the right one. 

The existence of the two independent sets of anti-commuting covariant derivatives 
D^ k and D^ 1 is crucial to build the two type of hypermultiplets which describe matter 
in the M = 4 case. We will come back to this points in section 8. 

6 N = 1 and N = 2 superconformal sigma-models 

As a warm-up exercise in using the formalism of superconformal Killing vectors, in 
this section we construct the most general M = 1, 2 superconformal sigma-models. 

6.1 N = 1 superconformal sigma-models 

To generate M = 1 superconformal actions, we need real scalar densities with the 
following transformation law 

5C=-iC-2aC, (6.1) 
with respect to the superconformal group. Given such a Lagrangian £, the action 

J d 3 xd 2 #£ (6.2) 

is M = 1 superconformal. 

Consider a general massless M = 1 sigma-model action 

S = ~\J d 3 xd 2 6g^( V )(D a ^)D a ^ , (6.3) 

where g^uif) is the metric on the target space. We wish to determine those restrictions 
on the target space geometry which guarantee the sigma-model to be superconformal. 
Without loss of generality, a superconformal transformation of ^ can be chosen to be 

5cp^-^-la X ^) , (6.4) 



29 



where x m (^) is a vector field on the target space. Using the properties of the M = 1 
superconformal Killing vector fields, the variation of the action can be brought to the 
following form: 

8S = l -J &*x& 2 dg» v {tp){D a ^){D a y x )(v x x u {<p) ~ 

+~ J d 3 xd 2 9 g, u ^)(D a ^)x u D a a . (6.5) 

In the case that D a a = and o is non-zero, the expression in the second line of (16. 5p 
vanishes. Then, the remaining variation is equal to zero only if 

^^ = 5; <— > V^ = g^. (6.6) 

We observe that \ = X^V 3 )^ should be a homothetic conformal Killing vector field such 
that x^i^p) is the gradient of a function over the target space, 

x» = Wv>) . /(*>) = \g^)x^)x v ^) ■ (6.7) 

The sigma-model target space is a Riemannian cone [8]. 

If the equations ( 16. 6p and (16.71) hold, the variation ( 16.51) turns into 

5S = ^ J d 3 xd 2 9 (D a f)D a a = ~\J d 3 xd 2 9fD 2 a = , (6.8) 

since D 2 a = 0. 

The action (16. 3p can be generalised by adding a potential term 

S = ~\J d 3 xd 2 e gflu (if)(D a ^ l )D a ^ + i J d 3 xd 2 6V{^) , (6.9) 

for some scalar field V((p) on the target space. If the target space is a cone, and V(tp) 
obeys the homogeneity condition 

X*(<p)VM = 4V(<p) , (6.10) 

then the action ( \6.9\\ is M = 1 superconformal. 

6.2 N = 2 superconformal sigma-models 

There are two simple constructions to generate M = 2 superconformal actions. First, 
given a real superfield £ transforming by the rule 

5C = -££ - 1 -(<t + d)C = -<9 a (£°£) + B a (£ a C) + B a (£ a £) , (6.11) 
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the functional 

r d s xd 2 ed 2 ec (6.12) 

is Af = 2 superconformal. Secondly, given a chiral superfield C c , ~B a £ c = 0, with the 
superconformal transformation 

5C C = -££ c - 2vC c = -d a (C£ c ) + D a (C£ c ) , (6-13) 

the functional 

/" £ - (6 ' 14) 

is M = 2 superconformal. 

Consider the general M = 2 supersymmetric sigma-model [SB] 

5 = y d^dWflif^,*!- 7 ) , D a $ 7 = , (6.15) 

where K is the Kahler potential of a Kahler manifold A4. As usual, we denote by <?/j($, $) 
the Kahler metric on A4. Our goal is to determine those restrictions on the target space 
geometry which guarantee the sigma-model to be superconformal. Since (I6.15P is a special 
M = 1 supersymmetric nonlinear sigma-model, it is M = 1 superconformal if the target 
space possesses a homothetic conformal Killing vector field x^ — (x 7 ? X J ) such that x^i®) 
is the gradient of a function over the target space. The relations (16. 6p and (16.71) turn into 

V IX J = Sj , V/x J = d lX J = (6.16a) 
Xi ■= 9ijX J = diK , gjj = drfjK , (6.16b) 

where K can be chosen to be 

K = g IJ x I X J ■ (6.17) 

In accordance with (16.16al) . the homothetic conformal Killing vector field is holomorphic, 
X 1 = x 1 ^)- The target space A4. is called a Kahlerian cone [H]. 

The action (16.151) is invariant under the M = 2 superconformal transformations (com- 
pare with the 4D Af = 1 case [T^ ) 

= -£$ J - l^x 1 ^) , (6.18) 
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with £ an arbitrary M = 2 superconformal Killing vector. This follows from the identity 

$) = K($, $) . (6.19) 



The sigma-model ( I6.15P can be generalised by including a superpotential. 

S = J d 3 xd 2 fld¥ A($ 7 , $ J ) + { J d 3 xd 2 9 W{&) + c.c.} , (6.20) 

with W{$) a holomorphic field on the target space. If Ai is a Kahlerian cone and W / ($) 
obeys the homogeneity condition 

X 7 ($)W^($) = 4W($) , (6.21) 

the sigma-model under consideration is M = 2 superconformal. 

Local complex coordinates, on M can be chosen in such a way that x 1 = & • 
Then K(^ ! , $ J ) obeys the following homogeneity condition: 

$ / ^| 7 A($,$)=K($,<l) . (6.22) 

Supersymmetric nonlinear sigma-models can also be generated from self-couplings 
of vector multiplets. Consider a dynamical system of several Abelian vector multiplets 
realised in terms of gauge- invariant real field strengths G l , with % = 1, . . . , n, constrained 
as follows [33] : 

ID) 2 G" = tfG 1 = , i = l,...,n. (6.23) 
Dynamics of the vector multiplets can be described by an action 

d 3 xd 2 6d 2 6 L{G l ) . (6.24) 

The constraints f!6.23|) uniquely fix the superconformal transformation of G % : 

5G i = -£G l - - (a- + or) G { . (6.25) 

Therefore, the action (16.241) is superconformal if the Lagrangian L(G l ) is a homogeneous 
function of the n variables G % of degree one, 

GVLi(G) = L(G) . (6.26) 

In the case of a single vector multiplet, n — 1, there is a unique superconformal model 
generated by a Lagrangian L(G) oc — G\nG. It describes an improved vector multiplet 
|33j . Such a model is generated as a low-energy effective action in quantum 3D J\f = 2 
supersymmetric Yang-Mills theories |61j . 
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7 Off-shell N 



= 3 superconformal sigma-models 



In this section we develop an efficient formalism to generate off-shell M = 3 super- 
conformal sigma-models. It should be remarked that 3D M = 3 supersymmetry is quite 
interesting in its own right, since it can not be obtained by naive dimensional reduction 
from higher dimensions. 

7.1 N = 3 superconformal projective multiplets 

We start with defining a family of off-shell M = 3 superconformal multiplets living in 
Af = 3 projective super space 



The definition of such supermultiplets as well as the superconformal action principle (to 

(2) 

be introduced in the next subsection) make use of the spinor covariant derivatives D a , 
Da and D^ 2 ^ introduced earlier, eq. ( 15.38)) . 

A superconformal projective multiplet of integer weig ht n, Q {n) (z,v), is a superfield 
that lives on M 3 ' 6 , is holomorphic with respect to the isotwistor variables v l on an open 
domain of C 2 \ {0} such that the following conditions hold: 
(i) it obeys the analyticity constraints 



x CP 



i 




= ; 



(7.2) 



(ii) it is a homogeneous function of v 1 of degree n, that is 



Q (n \z,cv) 



c n Q {n \z,v) 



ceC* :=C\{0} ; 



(7.3) 



(iii) it possesses the superconformal transformation law: 




(7.4) 



As a consequence of eqs. ( 15.431) and ( 15.471) . the variation 5Q^ is analytic. By construc- 
tion, Q^> is independent of the auxiliary isotwistor m, 




Eq. (17. 3ft implies that 5Q^ n ' is also independent of ttj, 

q($SQV> = , (7.6) 
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although separate contributions to the right-hand side of (17.41) involve U{. 

As is clear from the above consideration, the isotwistor «' G C 2 \ {0} is defined modulo 
the equivalence relation v l ~ cv l , with c G C*, hence it parametrises CP 1 . Therefore, the 
projective multiplets live in M 3 ' 6 x CP 1 . 

The definition given above is similar to that of 4D M = 2 superconformal projective 
multiplets [12] . The main difference is that the operators in the analyticity constraints 
(17. 2p are quadratic in v % , while the corresponding 4D operators are linear in v l . 

Given a superconformal weight-n multiplet Q^ n \v % ), its smile conjugate^ Q^ n \v l ), is 
defined by 

Q ( "V) — > Q in) (vi) — ► Qtofa - Vi ) =: Q ( "V) , (7-7) 



with Q ( n '(vi) : = Q( n )(u J ) the complex conjugate of Q^ n \v l ), and V{ the complex conjugate 
of v % . One can show that Q^ n \v) is a superconformal weight-ra multiplet, unlike the 
complex conjugate of Q^ n >{v). One can also check that 

fy»)( v ) = (-l) n QW(«) . (7.8) 

Therefore, if n is even, one can define real isotwistor superfields, Q( 2m \v) = Q( 2m \v). 
Consider a superconformal Killing vector £k that obeys the conditions 

A^z) = a{z) = , (7.9) 



with Aij(z) and a(z) defined in eqs. fl5.35bl) and fl5.35bl) . respectively. It is called a J\f — 3 



Killing vector, for the set of all such vectors can be seen to form a superalgebra isomorphic 
to the M = 3 super-Poincare algebra. In the super- Poincare case, the transformation law 
(17.4p reduces to the universal (weight-independent) form: 

5Q {n) = -ZkQ H ■ (7.10) 

If we are interested in general M = 2 supersymmetric (i.e. super-Poincare invariant) 
theories, not necessarily superconformal ones, projective multiplets should be defined by 
the relations and fTTTTOD . 



3 The smile conjugation is the real structure introduced in [201 [T51 [T51 133j . 
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7.2 N = 3 superconformal action 



Consider a real weight-2 projective multiplet C^ 2 '(z,v). We can associate with 
the following functional 

S = — IvM [ d 3 x (D^) 2 (D^) 2 C^(z,v) . (7.11) 
8vr J 7 J ) \ > e=0 

Here the line integral is carried out over a closed contour, 7 = {vi(t)}, in CP 1 . The covari- 
ant derivatives D^ 2 ^ and in (17. lip depend on a constant (t-independent) isotwistor 
Ui, in accordance with eq. (15. 38 p . which is subject to the only condition that v(t) and u 
form a linearly independent basis at each point of the contour 7, that is (v(t),u) 7^ 0. 
The functional is actually independent of u, since it is invariant under arbitrary projective 
transformations of the form 

{ui,Vi) -> (ui,Vi)R, R = h M G GL(2,C). (7.12) 

This invariance follows from the following three observations. First of all, an infinitesimal 
transformation 5ui = bv{ acts on the covariant derivatives in (17. lip as 

M>Sr 2) = 7^Vi 0) > ^ = T^ D « • (7-13) 
(v,u) (v,u) 

The second observation is that (P/ )) 3 oc d D^°\ The third observation is the analyticity 
of £< 2 ), that is D (2) C^ = 0. 

The action (17.1 ip proves to be J\f = 3 superconformal. Indeed, making use of eq. 
(I5.48p . the superconformal transformation of can be rewritten in the form 

= -d a (e a £ (2) ) + - 2D® (V°)«£( 2 )) + (a^ 2 )) . (7.14) 

Here the first three terms on the right do not contribute to the variation of the action 
(17. lip . It remains to show that the last term also produces no contribution to the variation 
of the action. To achieve this, we first point out the identity 

(D(-2)) 2 [0(- 2 ),(l}(°)) 2 ] = . (7.15) 
Our second observation is that (compare with eq. (2.50) in [T2] ) 

(v J v){D^) 2 (D^) 2 d^(A^£W) = (u lU] D^) 2 p^d^({D^) 2 k^C^ 

[ V + Tl ) 



_^( D (-2)) 2 ( D (0))2 A ( 2 ) £(2 )j ) (716) 
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where (v,v) dt = Vidv 1 is part of the line integral measure in (17. lip . The result obtained 
is a special case of the following general property: if f^ n \v) is a homogeneous function of 
v % of degree n, f( n \cv) = c n f( n \v), then 

m 9 (-2) f (n) {v) = _±(^m . (7 . 17) 



(t> , «)" ' dt \ (f , M 

Since the line integral in (17. lip is a closed contour, we conclude that the action is invariant 
under the M = 3 superconformal transformations. 



7.3 Projective multiplets in the north chart of two-sphere 

Without loss of generality, we can assume that the integration contour 7 in (17.1 ip does 
not pass through the "north pole" v l QOTth ~ (0, 1) of CP 1 . It is then useful to introduce a 
complex (inhomogeneous) coordinate ( in the north chart, C, of CP 1 = C U {00}: 

^ = ^(1,0, C:=4> i = l,2 (7.18) 

and consider the projective multiplets in this chart. Given a weight-n projective superfield 
Q( n \z,v), we can associate with it a new object Q^(z,() defined as 

QW(z,v) — ► Q [n \zX) oc Q {n \z,v) , = . (7.19) 

The explicit form of (z, C) depends on the multiplet under consideration. The (z, Q 
can be represented by a Laurent series 

Q [n W) = £c fc Q fc (*) > ( 7 - 2 °) 

with Qk{z) some ordinary Af = 3 superfields. 

The covariant derivative appearing in (I7.2p can now be represented as 



a 



= {v l ?Df , Pi 2 l(C) = P 22 - 2CP 12 + ( 2 Dl 

= -B a - 2(Dl 2 + ( 2 B a , (7.21) 

where we have introduced the spinor covariant derivates for M = 2 superspace, 3 a := P 11 
and D a := — P 22 , see also subsection IC.ll The analyticity conditions (17. 2p turn into 

^L 2] (C)Q W (C) = 0. (7.22) 
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These constraints have a simple and, at the same time, very important interpretation: for 
all the component Af = 3 superfields Qk appearing in the series fl7.20p . their dependence 
on 9f 2 is uniquely determined, according to (I7.22p . in terms of their dependence on the 
Grassmann variables of Af = 2 superspace. In other words, all information about the 
projective multiplet is encoded in its Af = 2 projection 

Q W (C)|:=Q W (C)L =0 . (7.23) 



We now give two examples of superconformal projective multiplet. An off-shell hy- 
permultiplet can be described in term of the so-called arctic weight-n multiplet T^ n \z, v) 
which is defined to be holomorphic in the north chart of CP 1 , 

oo 

Tl»\z,v) = (v^T^izX) , TW( Z ,C) = ^T fe (^)C fc , (7.24) 



fc=0 



and its smile-conjugate antarctic multiplet T^ n \z, v), 



k=0 ' 

The pair Y^(£) and Y' n l(£) constitute the so-called polar weight-n multiplet. The an- 
alyticity constraints (17.22p imply that T is Af = 2 chiral and Si is Af = 2 complex 
linear, 

D Q T = , D 2 Ti = , (7.26) 

while the other components T 2 , T 3 , . . . , are unconstrained complex Af = 2 superfields. 

Our second example is the so-called real tropical multiplet U^ 2n \z, v) of weight n 
defined by 

U^ 2n \z,v) = {iv x v 2 ) n U [2n \z,0 = (^) 2n (iC) n f/ [2n] (^C) , 

oo 

UW(Z,C) = > U k = {-l) k U_ k . (7.27) 

k=— oo 

An example of such a multiplet with n = 2 is the Lagrangian in (17. 11 p . The case 
n = is used to describe a vector multiplet [T7] . 

In the Af = 3 supersymmetric action (17. lip , the Lagrangian 

£(2) 

is a projective mul- 
tiplet, and therefore it is fully determined by its Af = 2 projection C^ 1 1 - The action 
( 17. lip can be expressed in terms of this projection. We recall that the integration contour 
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7 in (17. lip is chosen to lie outside the "north pole" t>n 0rth ~ (0, 1) of CP 1 , which allows 
us to use the inhomogeneous complex coordinate, (, defined by v l = f 1 (l,C)- Since 
the action is independent of the latter can be chosen to be Ui = (1,0), such that 
(v , u) = v 1 7^ 0. We represent the Lagrangian in the form: 

C {2 \z,v) =iv 1 v 2 C(zX) = i(v 1 ) 2 (C(zX) , C = C. (7.28) 

rrjl 

Using the analyticity conditions D a (()C(z, () = allows us to rewrite (17. lip in the form: 

S = — / d 3 xd 2 6d 2 6C(zX) ■ (7.29) 



2vriL C 



6»i2=0 



Here the integration is carried out over the M = 2 superspace. The action is now for- 
mulated entirely in terms of M = 2 superfields. At the same time, by construction, it is 
off-shell M = 3 supersymmetric. 



7.4 N = 3 superconformal sigma-models 

We consider a system of interacting weight-one arctic multiplets, T^ 1 (z,v), and their 
smile-conjugates, T^(z, v), described by a Lagrangian§ of the form [T2] : 

£(2)(X( 1 ),fW)=iii"(TW I ,fW J ) . (7.30) 

Here K(& , $ J ) is a real function of n complex variables $ 7 , with I = 1, . . . ,n, under the 
homogeneity condition 

$ 7 ^K($, <!)=#($,$) . (7.31) 

The function i^($ 7 , $ J ) can be interpreted as the Kahler potential of a Kdhlerian cone M, 
written in special complex coordinates in which the homothetic conformal Killing vector 
field x / ($) has the form = $ 7 , see subsection 16.21 

By construction, the action generated by the Lagrangian ( 17.30P is invariant under the 
M = 3 superconformal transformation 

6T d)i = -({- A^d { - 2) ) T (1)/ - S T (1)/ . (7.32) 

Keeping in mind the M = 2 superconformal transformation law, eq. (I6.18p . one could be 
tempted to put forward a different transformation law of the form: 

$ T (i)/ = - - A^c^) T« 7 - S x'(T (1) ) . 

9 The action generated by the Lagrangian (|7.30[) is real due to (|7.8I) . 
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However, such a transformation is inconsistent with the arctic multiplet structure on two 
grounds: (i) the second term in ^Y^ 7 is not a homogeneous function of v 1 of first degree 
unless x 7 (3>) is also homogenous of first degree, which is true if x J (^) °t < ^ )/ j (h) the 
variation 5T^ J depends explicitly on the isotwistor Ui unless x 1 ^ T^ 7 . Off-shell A~ = 3 
supersymmetry requires special complex coordinates for Kahlerian cones. 

There exists a more geometric formulation of the theory (I7.30p described in detail in 
[T3] . It is realised in terms of a single weight-one arctic multiplet and n — 1 weight-zero 
arctic multiplets H\ The corresponding Lagrangian is 

K (j(i)i^ f = X (i)f(i) e xp{/C(~\^)} , (7.33) 

where the original variables T^ 7 are related to the new ones by a holomorphic reparametri- 
sation. The arctic variables and parametrise a holomorphic line bundle over a 
Kahler- Hodge manifold with Kahler potential /C(y?\ (p-*), see [13] for more details. We will 
not use this formulation in the present paper. 

Once reformulated in Af — 2 superspace, the Af = 3 superconformal sigma-model 
action takes the from: 

S = — / d 3 xdW#K(T 7 ,T J ) . (7.34) 

27T1 J 7 C J 

Here the weight-one arctic multiplets T 7 (£) = XM 7 (£) and their smile-conjugates T 7 (C) = 
TM 7 (£) embrace an infinite number of ordinary Af = 2 superfields. 

oo 

T 7 (C) = J]C fc T 7 = $ 7 + CS 7 + 0(C 2 ) , D Q $ 7 = 0, D 2 S 7 = 0, (7.35a) 

fc=0 

oo 

tJ (0 = E(-0^n"- (7.35b) 

n=0 

We recall that the components T 2 , T 3 , . . . , are complex unconstrained Af = 2 superfields. 

Our off-shell Af = 3 superconformal sigma-model (17.341) is determined by a real func- 
tion of n complex variables K^ 1 , $ J ) which is arbitrary modulo the homogeneity condi- 
tion fl7.3ip . We thus have a powerful scheme to generate Af = 3 superconformal sigma- 
models, and therefore hyperkahler cones. 

One can consider a more general sigma-model action, than the superconformal theory 
fl734j) . of the form PS]: 

S = — I % [d 3 x d 2 6d 2 6 L(T 7 , f J , C) . (7.36) 
2vri J 7 C J 
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Here the Lagrangian is nor longer required to obey any homogeneity condition and, more- 
over, can explicitly depend on (. The action is no longer superconformal, but it is off-shell 
Af = 3 supersymmetric. It is believed that (17.36P describes the most general M = 3 su- 
persymmetric sigma-model, see [62] for more details. 



7.5 Reformulation in terms of N = 2 chiral supefields 

The M = 3 superconformal sigma-model (I7.34p involves the infinite set of auxiliary 
M = 2 superfields T2, T|, . . . , which are necessary to realise off-shell supersymmetry. In 
order to describe the theory in terms of the physical superfields & and E 1 only, all the 
auxiliary superfields have to be eliminated with the aid of the corresponding algebraic 
equations of motion 

d 4c m l; f) - {^C" 8 ^^ =0. n>2. (7.37) 

Upon elimination of the auxiliaries, which is a difficult problem, the superconformal sym- 
metry becomes model-dependent and on-shell. The determination of its explicit form is 
a nontrivial technical problem. Fortunately, similar problems have been analysed in the 
case of 4D M = 2 superconformal sigma- models in [13] (building on earlier works [631164] ). 
Here we can simply recycle the results of [14]. 

Upon elimination of the auxiliary superfields, the action (I7.34p turns into 

S[$,E] = J d 3 xdW#{^($,$) + £($,$,£,£)} , 

00 

£(M,E,S) =^A,../„j 1 ...J n (^^)S /l ...S / "S Jl ...S J " , (7.38) 

n=l 

where Cjj = —gij($, $) and the coefficients ^ /l ... /n j 1 ...j n , for n > 1, are tensor functions 
of the Kahler metric gij(<&, 5>) = djdjK(^, $), the Riemann curvature Rjj K i(&, $) and 
its covariant derivatives. The function £ is characterised by the property 

El dC = ^jdC 

dE 1 dE 1 v ; 

since the original model (I7.34p is invariant under rigid U(l) transformations 

T(C) -> T(e ia C) <^ T n (z) m- e ina T n (z) . (7.40) 

The Lagrangian £($,$, E,E) in (I7.38P obeys the homogeneity condition 

( $/ ^ + S ' ^ = *' S ' ^ ■ (7 ' 41) 
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Even though the action (I7.38P is formulated in terms of the physical superfields only, 
its Lagrangian $) £, £) is not a hyperkahler potential, since the dynamical 

variable £ is complex linear. As discussed in section [9] the Lagrangian coincides with the 
hyperkahler potential of the target space provided the theory is formulated in terms of 
M = 2 chiral superfields and their conjugates only. The theory has to be re- formulated in 
terms of chiral superfields by performing a duality transformation known as the generalised 
Legendre transform construction |16j . To construct a dual formulation of the theory 
(I7.38p . we consider the first-order action 

S firs t-order = J d?X dWfl { K ($, $) + £($,$, E, S) + £ J + . (7.42) 

Here the tangent vector is complex unconstrained, while the one-form is chiral, 
= 0. Eliminating S's and their conjugates, by using their equations of motion 

d 

leads to the dual action 



+#j = , (7.43) 



= jd^dW«($,$,$,$), (7.44) 
where the Lagrangian has the form 

K($, ^, *) = A($, $) + H(®, $, ^, , 

oo 

ft ($, $, = J2 n h ($ , $) * Zl . . . tt, n f ^ . . . * Jn (7.45) 

n=l 

and ft /J ($, 5>) = g /J ($, $). The function H is characterised by the following homogene- 
ity properties: 

*<W, = 9r W T ' (7 - 46a) 
(*W + *'lk) n = H - (7 - 46b) 

The derivation of the above results is similar to the 4D M = 2 case |14j . 

The Lagrangian K($, $, , 5') in ( I7.44p is the Kahler potential of a hyperkahler cone. 
The action is still = 3 superconformal, however the superconformal transformations 
form a closed algebra only on the mass shell. To describe the symmetries of the model, 
we introduce the condensed notation 

a :=($', vD 7 ) , = (7.47) 
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as well as the standard symplectic matrix J = (JJ afc ), its inverse J 1 = (— J a b) and their 
complex conjugates, 




(7.48) 



As shown in Appendix C, subsection IC.lt an arbitrary M = 3 superconformal trans- 
formation decomposes into two transformations in M = 2 superspace: (i) an A* = 2 
superconformal transformation generated by an M = 2 superconformal Killing vector 
(ii) an extended superconformal transformation generated by a real spinor superfield p a 
obeying the constraints (1C7|) . The action (I7.44p is invariant under the M = 2 supercon- 
formal transformation 

sr = -zr - . (7.49) 

It is also invariant under the extended superconformal transformation 




(7.50) 



where the complex scalar p and its complex conjugate p are defined as follows: 

Pa = 3 a p = B a p . (7.51) 

The transformation law (17.501) can be derived by applying the four-dimensional construc- 
tion of [14J0 

8 Off-shell N = 4 superconformal sigma-models 

M = 3 supersymmetry in three dimensions is similar to and intimately related to 
M = 4. We will show in the next section that any M = 3 supersymmetric sigma-model 
possesses a hidden = 4 supersymmetry. The crucial difference between the M = 3 
and Af = 4 projective superspace approaches is that any Af = 3 projective multiplet has 
two H — 4 cousins: left and right ones. This can be seen from the fact that the M = 3 
projective superspace ( 17. ip turns into 

M 3|s x {cPl 1 IJCP^} = (M 3|s x CPl 1 ) [J (M 3|s x CP^j , (8.1) 

10 Strictly speaking, in order to use the 4D Af = 2 construction of [14] for deriving eq. (|7.50[ we need 
Af = 4 supersymmetry in three dimensions. However, it is shown in section [9] that Af — 3 supersymmetry 
implies Af = 4. 
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in the M = 4 case, see the discussion in subsection 4.3. However, one could also consider 
larger supermultiplets defined on the bi-projective superspace M 3 ' 8 x CP 1 x CP 1 . 

The mirror projective spaces CPl and CP^ can be parametrised by homogeneous 
complex coordinates, or isotwistors, = (V) and v& = (v k ), respectively. They can be 
used to define two maximal subsets of strictly anticommuting derivatives, D a ^ k '■= ViD 1 ^ 
and Da ^ : = vj,D^, such that 

{D a 1] ~ k ,Df} = ; (8.2a) 
{D a 1)l ,D^} = . (8.2b) 

These relations immediately imply that we can introduce two types of projective multi- 
plets, left Ql\vl) and right Qr\vr) ones, which depend on the different isotwistors and 
obey the covariant constraints 

DWQPW = ; (8.3a) 
D<&Qg>(v R ) = 0. (8.3b) 

To define TV = 4 superconformal projective multiplets, left or right, we should again make 
use of the relations (I7.3P and (17. 4p in each of the two sectors, left and right. In particular, 
the TV = 4 superconformal transformation laws of the left and right projective multiplets 
are respectively 

SQto = - (e - A[ 2) 4 _2) ) - n S L ; (8.4a) 

5Qg> = - (e - Ag>0£- 2) ) -nS R . (s.4b) 

The objects appearing in these transformation laws have been defined in subsection 15.51 
In particular, associated with the left isotwistor = (v l ) is a linearly independent one 
ul — (ui) such that (t>L • «l) := v l Ui ^ 0, and similarly in the right sector. 

Next, we can introduce a M = 4 superconformal action principle in complete analogy 
with the M = 3 case. Consider a left real weight-2 projective multiplet Cj/(z, v^) and a 
right real weight-2 projective multiplet (z,Vji). Then, the following functional 



1 

2^r 



7l 



+^<f v- k dv k J d 3 x4- 4) 4 2) (^, % )[ =o (8.5) 
is invariant under the M = 4 superconformal transformations. Here we have defined 

Dt" := ±Dl-W D <r*> , D g> .= D <r*r D W , ( 8 . 6a ) 

:= ±Dl-*» D ™ , := D^D™ , (8.6b) 
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see subsection 15.51 for the definition of spinor covariant derivatives D Q and D a . 

Supersymmetric matter can be described by weight-n arctic multiplets, left , (vl) 
and right T^(ur), and their conjugate antarctic multiplets. In order to get a better 
understanding of the difference between the left and the right arctic multiplets, it suffices 
to study the superconformal transformation properties of their component superfieldi"] 
T Ljfe and T Rfe defined by 



t£°(Vl) = (^) n T?(CL) , tP(Cl) = E T MC£ , Cl := ^ (8.7a) 

k=0 

Tk n) K) = (v'T ^(Cr) , T^(Cr) = T ^ & > Cr := - (8.7b) 



fc=0 



considered as A/" = 2 superfields. Then, the analyticity constraints (I8.3ap imply that the 
left components 

$ L := T Li0 , S L := T L ,i (8.8) 

are Af = 2 chiral and complex linear superfields, respectively, and similarly for the right 
Af = 2 superfields 

$ R := T R0 , £ R := T R)1 . (8.9) 

The other component Af = 2 superfields are complex unconstrained. 

We know from Appendix C, subsection IC.21 that any arbitrary Af = 4 superconformal 
transformation decomposes into three transformations in Af = 2 superspace: (i) an M = 2 
superconformal transformation generated by an Af = 2 superconformal Killing vector 
(ii) an extended superconformal transformation generated by a complex spinor superfield 
p a obeying the constraints (10.110 ; (iii) a shadow U(l) rotation. Using the Af = 4 super- 
conformal transformation laws ( I8.4al) and (I8.4bl) . it is a simple exercise to work out the 
transformations of the Af = 2 component superfields. 

The left and the right arctic multiplets turn out to have identical Af = 2 superconfor- 
mal transformations, so we will omit the label 'L' and 'R.' Specifically, one can show that 
the component superfields transform as 

5^ k = -^ + ^a + ^a)T k . (8.10) 



11 For each of the mirror spaces CP^ and CP^, we choose its north chart to define the expansions (|8.7a[) 
and (|87fb|t . 
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As already mentioned, the leading components $ := T and S := Tj. are chiral and 
complex linear respectively. The transformation law ( I8.10P implies 

n 



= + -<rj$ — ► D Q 5|$ = (8.11a) 

= -^+^^tr + ^E — ► D 2 5|S = 0. (8.11b) 
In the case of a weight-one multiplet, n — 1, the er-term in the variation drops out. 

The left and the right arctic multiplets transform almost identically under the shadow 
U(l) rotation: 

xt (n-2k) (n-2k) 

o a lh,k = iaI L ,fc, o a l Rik = iaiR,fc ■ (8.12) 

A real difference between the left and the right arctic multiplets occurs only in the 
sector of extended superconformal transformations. The left weight-n arctic multiplet can 
be shown to transform as follows: 

5T Li0 = (p a B a - hB a p a j)T LA , (8.13a) 



2 

<5T L , fe = (>O a + fc ~^~ 1 (D a p Q ))T L , fc _ 1 

+ (p a © a - ^±i(© Q p«))T Life+1 , k > . (8.13b) 
For the right weight-n arctic multiplet we get 

5T Ri0 = -(p a B a - l(3 a p a ))r RA , (8.14a) 



2 

5T Rifc = -(p a D a + ~^~ 1 (B a p g ))T R , fc - 1 

- (p a D Q - ^±l(© Q p Q )) T Rjfc+1 , k > . (8.14b) 

We see that the transformation law of the right superfields, T Rj fc, can be obtained from 
that of the left ones, T Ljfc , by applying the replacement: T Ljfc — > T R fc and p a — » — p Q . 

The leading left Af = 2 superfields (18.81) are chiral and complex linear, respectively, 
and similarly for the right M = 2 superfields (18. 9p . It is important to check that their 
variations under the extended superconformal transformation obey the same constraints. 
To make manifest the chirality of 5$l an d 5$r, we point out the following. It follows from 
the constraints ( IC.llj) that the superconformal parameters p a and p a can be represented 
in the form: 

p a = B a p L , p a = B a p L ; (8.15a) 
p a = © Q p R , p a = B a p R , (8.15b) 
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for some complex scalars p L and p R . Now, the variations (18. 13aj) and ( 18 . 1 4ap can be 
rewritten in the form: 

<5$ L = -i© 2 (p L S L ) , (8.16a) 

<5$ R = i© 2 (p R S R ) , (8.16b) 

with D 2 := ]D) a ]D) a . These expressions show that 5$l and <5$ R are indeed chiral. Let 



us consider eq. ( 18.13bj) with k = 1 in order to check that <5£l satisfies the condition 
D 2 5S L = 0. We have 

<5£ L = (j?B a - ^(D Q p Q ))$ L + (>D Q - (i Q p Q ))T L , 2 

= (p Q D a - ^(D Q p Q ))$ L - D a (p Q T L , 2 ) . (8.17) 

Here the second term in the second line is clearly complex linear. To prove that the first 
term is also complex linear, it suffices to use the constraints (1C.11I) as well as the chirality 
of $ L . 

In conclusion, we write down a general M = 4 superconformal sigma-model described 
by left and right weight-one arctic multiplets and their conjugates 



S=^r<f ^ / d 3 xdWK L (T L ,f L ) 

27T1 J 7L Cl J 



I ^ f d 3 xd 2 6d 2 6K R (T R ,f R ) . (8.18) 
Here the Kahler potentials and obey homogeneity conditions of the type (17.3 ip . 
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9 N = 3 SUSY implies N = 4 SUSY 

It is the accepted lore that M = 3 supersymmetry in three space-time dimensions 
implies M = 4 supersymmetry^ 2 ] Here we provide two proofs of this claim by considering 
nonlinear sigma-models that possess different amounts of manifestly realised supersym- 
metry: (i) M = 2; and (ii) M = 3. 

12 Thc standard argument (see, e.g., 65 ) is as follows: A/"-extended supersymmetry requires AT — 1 anti- 
commuting complex structures. In the case AT = 3, the target space has two such structures, / and J. 
Their product K := I J is a third complex structure which anticommutes with / and J, and therefore the 
sigma-model is Af = 4 supersymmctric. This argument tells us nothing about off-shell supersymmetry. 
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9.1 Analysis in N = 2 superspace 



We start from a general 3D M = 2 supersymmetric nonlinear a-model [68] 

S = J d 3 xd 2 6d 2 6K(<i) a ,^ ) %0 a = O, (9.1) 

with i^(</>, 0) the Kahler potential of a Kahler manifold .M , and look for those restrictions 
on the target space geometry which guarantee the existence of a hidden supersymmetry. 
We emphasise that the sigma-model under consideration is not required to be supercon- 
formal. 

The first argument why M = 3 implies M = 4 is based on an explicit calculation. 
Building on the four-dimensional analysis [66j EZ], a general ansatz for an additional 
supersymmetry is of the form 

5F = X -B 2 (p Q a ) , 6? = ±B 2 (p , (9.2) 

where Q a {4>, <p) is a function associated with the Kahler manifold Ai, and p is a constant 
antichiral superfield satisfying 

E) a p = d aP p = Wp = . (9.3) 

In three dimensions it is furthermore possible to choose the spinor component of p to be 
real up to an arbitrary constant phase A 

e" iA D a p| = e iX B a p\ , (9.4) 

with A G R some fixed parameter for the transformation under consideration. A real 
spinor parameter corresponds to one additional (third) supersymmetry. Thus p has the 
following explicit form: 

p = f + e~ lA e a 9 a , f = const , e a = e a = const . (9.5) 

In fact, the third supersymmetry transformation is obtained by setting f = 0. However, 
commuting the manifestly realised first and second supersymmetry transformations with 
the third one results in a central charge transformation which corresponds to the choice 
p = f G C in ( 19.21) . For our proof below, it is not necessary to assume f to be complex. 

We would like to show that there is no special choice of A in ( 19. 5ft for which the 
supersymmetry variation cancels between the p terms and the p terms. Varying the 
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action (19.1 j) gives 

= ij d 3 xd 2 9d 2 9K a 3 2 (ptt a ) + c.c. 

= -i y d 3 xd 2 M 2 ^^ a5 (D a 5 )D a (pn a ) + c.c. , (9.6) 

with g a i = K a i := d a d^K the Kahler metric. Choosing here p — f — const, the variation 
of the action reduces to 

S T) rS = -ir J d i xd 2 9d 2 9u- b - c (D Q s )D> 5 + c.c. , (9.7) 
where we have denoted 

tu- b - c :=g- ba ti\ 5 , ti a rc :=d- c ti a . (9.8) 

The two terms in (I9.7P can be seen to have different functional form. The condition 
8 Ti fS = is therefore equivalent to the requirement that each term on the right of ( 19. 71) 
vanishes separately, and thus 

J d 3 x d 2 9d 2 9 co- b5 (O a <?)D a 5 = . (9.9) 

This holds if 

u- b c = -Ucb , (9-10) 

and hence the target space is endowed with the two-/or?70 bj bc = Qba Q a ,c and its conjugate 
u>g_. We conclude that the action is invariant under the central charge transformation when 
to is antisymmetric. Thus there is no way that the r and f variations could possibly cancel 
each other without the variations being separately zero. 

Now, the variation of the action, eq. (19. 6p . turns into 

b p - p S = -~e~ iA e a / d 3 xd 2 9d 2 9g ab ti a B a l + c.c. (9.11) 

We see that the two terms in 5 PtP -S have different functional form. Imposing the condition 
&p,pS = is equivalent to the fact that each term should vanish separately. Therefore, we 
have to require 

5-pS = h~ iX e a J d 3 xd 2 9d 2 9g ab ti a B a ft > 

= ^e" iA e a J d 3 x d 2 9d 2 9 tt a B a K a = (9.12) 



13 On the mass shell, the supersymmetry transformation (|9.2|) takes the form: 6<p a = e _lA e a f2° j 1 'D a (jf. 
Since S(j) a should be a vector field onX,we conclude that Cl a 5 is a tensor field on A4 , and therefore w a b 
is a two-form. 
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for the action to be invariant under the third supersymmetry. 

Before starting to analyse the condition (19.121) . we wish to make an important obser- 



vation. Let us forget for a moment that u bs defined by (19. 8p is antisymmetric, eq. (I9.10p . 
Then, we can derive several identities: 

Bled := Kabc^ a ,d + ^ad^&c 

= Vgo>d5 + + w g j) 

= 2 [pbi^cd + Ud 5 ) + d- c (u!- b d + tid b ) - da(u!~ b5 + Wa)J • (9.13) 
If eq. (19.101) holds, then the relation ( 19. 13ft leads to the important result: 

V s %, = . (9.14) 

A non-trivial piece of information can be extracted from the condition (19.121) without 
doing hard calculations (compare with [E]). Eq. (I9.12p tells us that the functional in 
the second line must vanish identically. Let us vary this functional with respect to the 
antichiral superfields <fts while keeping the chiral ones 0s fixed. Since cugg is antisymmetric, 
we obtain 

5$ J d 3 xd 2 6d 2 6n a 3 a K a = -2 J d 3 xd 2 9d 2 9tu- b5 5^'D a ^ . (9.15) 

To make this variation vanish, one has to impose the condition 

V a %, = <9 a % = , (9.16) 

which means that is anti-holomorphic, u)^ = % 5 (</>). Indeed, since and 5(p are 
antichiral, we then get 

d 3 x d 2 9d 2 9 tu- b5 50 5 © Q 5 = ~ J d 3 x d 2 co i5 50 5 © 2 D a 5 = . 

The conditions (I9.10p . (I9.14p and (I9.16P prove to be sufficient for demonstrate that eq. 
(I9.12p indeed holds. It is in fact instructive to compute 5pS directly without making use 
of flSHQJ), ( 19~T41) and (I9TT6D . 
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Tedious calculations lead to 



5 p s = ^ e ~ iAe °/ d 3 x© 2 {© 2 if a mw} 

/ A U(« + «) + 16B ^w^ 



e -iA e a 



+9 a (rf> e -,-) ( - D 2 a D^ 5 D^ c D Q ^ 

+4i D 7 a 9 7/3 5 ©^0 c "© a d " + 4i D 7 a 9 7/3 5 D /3 5 © a d " + 4i W <j> a tl) $ l tlP $% a <j>* 
+9 a ^(r^ /g )D 7 a D 7 b D^%0% Q e "| . (9.17) 

We see that the contributions in the first, second and third lines vanish due to the con- 
ditions ( 19. lOH . (19.141) and (19. 16ft . The remaining contributions in ( 19 . 1 71) are proportional 
either to 

d a (rf^y = (djy u s3 = R\ a - c Gj- e - d (9.i8) 

or to its derivative, d a db(T-^Dj s ). Now the fact that ur^ is covariantly constant, implies 
that R e i a5 u s g is symmetric in all barred indices which is enough for all the remaining 
terms to vanish. 

We have demonstrated that the conditions (19. lOj) . (19.14ft and ( 19.161) guarantee that the 
sigma-model action ( 19.11) is invariant under the additional third supersymmetry transfor- 
mation (19.21) . with p given by eq. (19.51) . The important point is that p in (19.21) depends 
on the phase factor e _lA , where A is a fixed parameter characterising the third super- 
symmetry transformation. However, since A does not show up in the conditions ( 19.101) . 
( 19. 141) and ( 19.161) . the action ( 19. ip is invariant under the additional third supersymmetry 
transformation (19. 2p and (19. 5p in which A is completely arbitrary. This means that the 
action (19 .ip is invariant under hidden supersymmetry transformations of the form: 

5<p a = iD 2 (p(^(0,0)) , p(6)= f + ej a , (9.19) 

with arbitrary complex constant parameters f and e a . Therefore M = 3 supersymmetry 
implies M = 4 supersymmetry. 
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We now turn to describing the second argument why M = 3 supersymmetry implies 
M = 4. For this we rewrite the third supersymmetry transformation (19. 2p as 

5 A a = ^© 2 (p A ^)n a (0,0)) . (9.20) 

The sigma-model action (19. ip is clearly i?-invariant. It does not change under U(l) trans- 
formations 

<p a (9) <p' a (9) = <j) a (e^9) , ^(9) fi\9) = ^{e'^d) , ^el. (9.21) 

Commuting such an infinitesimal transformation with the supersymmetry one, eq. (I9.20|) , 
results in a new supersymmetry transformation of the form: 

8 x+sx r = l -W (p x+5x {9) fi a (0, 0)) , (9.22) 

with 5X 7^ 0. Therefore, if the action (19. ip is invariant under the third supersymmetry 
(I9.20p and (I9.5p . for some fixed A, it is in fact invariant under a one-parameter family of 
supersymmetry transformations corresponding to all possible values for A e IR in (I9.20p . 
This means that M = 3 supersymmetry implies M = 4 supersymmetry. Instead of the 
ansatz (I9.20p . we can now look for a hidden supersymmetry transformation of the form 
(I9.19p . Therefore, we can recycle, word for word, the four- dimensional derivation given in 
[T4"] of the results of (67] devoted to the formulation of general 4D M = 2 supersymmetric 
nonlinear sigma-models in terms of M = 1 chiral superfields. 

On the mass shell, 

WK a = , (9.23) 

and the first and the second supersymmetry transformations generate the M = 2 super- 
Poincare algebra without central charge provided 

Q a - c Q^ b = -5 a b . (9.24) 

In fact, the closure of the supersymmetry algebra requires two more conditions 

B 2 Q a = , (9.25) 

n d - b v d n\ s - n d , 5 v d n a rb = o . (9.26) 

They hold due to (19.161) - (I9.24p . The detailed derivation of the above results can be 
found in |14j . 
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Let J = J 3 be the complex structure chosen on the target space Ai, 

*-(?^)- 

The above consideration shows that there are two more complex structures defined as 

such that .M is Kahler with respect to all of them, and the operators J a = (Ji, J2, J3) 
form the quaternionic algebra: 

J a Jb = Sab 1 + eabcJc ■ (9.29) 
As a result, it has been demonstrated that the target space Ai is a hyperkahler manifold. 

As is seen from ( 19.28ft . the complex structures are given in terms of the tensor fields 
Q a 1 and fi ^, while the supersymmetry transformation fl9.20f) involves Q a and fl a . The 
latter can be constructed using the Kahler potential 



tt a = u ab (<f))K b (<j),<f)) . (9.30) 

Under the Kahler transformations 

K(<f>,$) — > iT(0,0)+A(0)+A(0) , (9.31) 

fl a changes as follows: u) Kb — > u ab K + u ab A . However, the supersymmetry variation 
5<j) a = |1 



^© 2 (p(^) f2 a ) in (I9.20p is invariant under the Kahler transformations. 



9.2 Off-shell N = 3 SUSY implies off-shell N = 4 SUSY 

Consider the off-shell M = 3 superconformal sigma-model generated by the Lagrangian 
(I7.30p and (I7.31j) . Upon reduction to = 2 superspace, its action takes the form (17.341) . 
Comparing this action with that of the off-shell M = 4 superconformal sigma-model 
formulated in A^ = 2 superspace, eq. f)8.18p . we see that the former is identical in its form 
with either the left or the right sector of the latter. This means that the theory (17.341) 
can be lifted to an off-shell Af = 4 superconformal sigma-model realised only in terms 
of left weight-one arctic multiplets and their conjugates, or only in terms of their right 
mirrors. If the Kahlerian cone Ai, for which K(Q, $) is the Kahler potential, factorises, 
Ai = Aii X AI2, then we can use both left and right arctic multiplets and their conjugates 
in order to realise Af = 4 extensions of the two sectors of the Af = 3 sigma-model. 
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10 General N = 3, 4 superconformal sigma-models 



We now have all prerequisites available to develop a chiral formulation in Af = 2 
superspace for the most general Af = 3 and Af = 4 superconformal nonlinear cr-models. 
Given a hyperkahler cone A4, we pick one of its complex structures, say J3, and introduce 
complex coordinates a compatible with it. In these coordinates, J3 has the form (19.271) . 
Two other complex structures, J\ and J2, become 

\g ac uj cb J \-\g ac u ch J 

where g a i be the hyperkahler metric, and u a f, the holomorphic symplectic two-form. Let 
X = (x a (0)) be the homothetic conformal Killing vector field associated with Ai, 

V aX b = S b a , V- aX h = d- aX b = (10.2a) 
Xa ■= 9abX b = d a K , g ai = d a B- b K , (10.2b) 

with the hyperkahler potential K given by 

K = g a ix a X h = K aX a ■ (10.3) 

With this hyperkahler potential chosen, our goal is to prove that the Af = 4 supersym- 
metric cr-model 

S = J d 3 xd 2 6d 2 9K(<i) a ,^) , %0° = O (10.4) 

is Af = 4 superconformal. In accordance with the analysis given in subsection 16. 2[ the 
action (110.4P is invariant under the Af = 2 superconformal transformation 

sr = -ir - ^ x a (0) , (10.5) 

with £ an arbitrary Af = 2 superconformal Killing vector. 



10.1 N = 3 superconformal invariance 

To start with, we prove that the action (110.41) is Af = 3 superconformal. As shown 
in Appendix C, subsection IC.lt an arbitrary Af = 3 superconformal transformation de- 
composes into two transformations in Af = 2 superspace: (i) an Af = 2 superconformal 
transformation generated by an Af = 2 superconformal Killing vector (ii) an extended 
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superconformal transformation generated by a real spinor superfield p a (x,8,8) obeying 
the constraints 

D) {Q ^ = e (QP/3) = , (10.6) 

and therefore 

d iapPi) = B 2 p a = B 2 p a = . (10.7) 
The general solution of the constraints f 1 1 . 6 1) is 

P a {x, e, e) = e a - i\e a + i\e a + Tj fi x aP + iv a 0^e . (10.8) 

Here the real spinor e a generates the third Q-supersymmetry, the complex scalar A the 
off-diagonal SU(2) transformation and the real spinor rj a the third S'-supersymmetry trans- 
formation. Associated with p a is a complex scalar p and its complex conjugate p defined 
as follows: 

p a = B a p , Pa = 3 a p . (10.9) 

The scalar p is defined modulo arbitrary shifts of the form: 

p ->■ p + ip , 3 a ip = . (10.10) 

This freedom is not strong enough to make p and p coincide^ although p and p obey 
the reality condition: 

3 a p = B a p. (10.11) 

We have seen that the sigma-model fjl0.4j) is invariant under the M = 2 superconformal 
transformations (110.51) . Let us now define the extended superconformal transformation: 

5^ = l -W[puj ab Xb ] . (10.12) 

Our goal is to prove that the action (110.41) is invariant under ( 110.121) . The variation of 
the action is 

&S = -\j d 3 xd 2 6d 2 6 (3 aXa ) co ab Xb + c.c. 

= ~\J d 3 xd 2 6d 2 6p a (3 a ^)g- ca u ab Xb + c-c. 
= - l -J d*xd 2 9d 2 B p a {Wr)u- alX b + c.c. (10.13) 



14 A simple way to justify this statement is as follows. According to the analysis given in appendix C.l, 
A 11 ! = jH a p a and its complex conjugate is (A 11 )* = A 22 | = ±D a p a . These relations can be rewritten 
in terms of p and p as A n | = ^D a D a p and A 22 | = ^D Q D Q p, and thus p has to be complex, for A 11 ! is 
complex in general. 
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Since the tensor fields u a i and x b are anti-holomorphic, the combination u a i x b appearing 
in the integrand is antichiral. As a result, doing the Grassmann integral J d 2 9 gives 

SS = ^J d 3 x d 2 6 (]D) a p a ) co ai x l ^^ a + ^ J d 3 x d 2 6 p a co- a ix i ^ a ^ + cc. (10.14) 

In deriving the first term, we have used the identity "Dr a pm = 0. The above variation 
vanishes, for D^O^ = and B) 2 3^(j) = for any antichiral superfield <j). 



10.2 N = 4 superconformal invariance 

As shown in Appendix C, subsection IC.2} an arbitrary M = 4 superconformal trans- 
formation decomposes into three transformations in M = 2 superspace: (i) an M = 2 
superconformal transformation generated by an M = 2 superconformal Killing vector 
£ ; (ii) an extended superconformal transformation generated by a complex spinor super- 
field p a (x,9,9) obeying the constraints ( IC.llj) ; (iii) a shadow U(l) rotation. In regard to 
transformation (ii), the only difference from the M = 3 case considered earlier is that the 
parameter p a is now complex. Since p a is complex, the general solution of the constraints 
(ICTTj) is 

p a = e a + X R 6 a - X L 6 a + f]px aP + i?f 0% . (10.15) 

Here the complex parameter e a generates the third and fourth Q-supersymmetries; the 
complex parameters Al and Ar generate off-diagonal SU(2) L and SU(2) R transformations 
associated with A^ 1 and A^ 1 ; finally, the complex parameter r] a generates the third and 
fourth S'-supersymmetry transformations. 

The constraints ( 1C.11I) imply that we can represent 

p a = B a p L , pa = D Q p L ; (10.16a) 
p a = © Q p R , p a = B a p R , (10.16b) 

for some complex scalars p L and p R . Unlike the M = 3 case, the mutually conjugate 
parameters p LR and p LR do not obey any additional reality condition like ( 110. lip . 

In the A^ = 4 case, it is possible to define two types of extended superconformal 
t r ansf ormat ions : 

6^ a = h> 2 [p h u ab Xb ] , (10.17a) 

5 R( p a = h 2 {p R co ab Xb } ■ (10.17b) 
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Such transformations leave the action (I10.4p invariant, for the proof given at the end of 
the previous subsection carries over without any change. 

Finally, we define the infinitesimal shadow U(l) transformation of (p a : 

S(f) a = -^ aX a ((f)) , a = a. (10.18) 

Because of the identity ( 110. 3p . this transformation leaves the action invariant. It should 
be remarked that the shadow chiral rotation is generated by the Killing vector 

V = ^^-^)^ a . (10.19) 



11 Conclusion 



In this paper we have elaborated on various aspect of three-dimensional J\f < 4 super- 
conformal sigma-models from the superspace point of view. The original motivation for 
the research presented in this paper was the desire to explore the additional opportunities 
offered by superspace as compared with the component analysis given in [I]. 

We have not studied gauged superconformal sigma-models. The procedures of gauging 
the target-space isometries for sigma-models formulated in superspace are well-elaborated, 
see in particular (33J, |67], and can be naturally used in three dimensions. 
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A 3D notation and conventions 



Our spinor conventions in three space-time dimensions (3D) are compatible with the 
4D two-component spinor formalism used by Wess and Bagger [69] and also adopted in 
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[55] . Specifically, we start from the 4D sigma- matrices 

(°k) Q £ : = (1, B) , m = 0,1,2,3 (A.la) 
(a m fP := (1, -a) , m = 0,l,2,3 (A. lb) 

and delete the matrices with space index m = 2. This leads to the 3D gamma- matrices 

( a m) a B y {lm)a/3 = {lm)p a = (1, Oi, <7 3 ) , (A. 2a) 

fe)^ — > {lm) aP = {lmf a = e a ^P\ lm ) lS , (A.2b) 
where the spinor indices are raised and lowered using the SL(2,R) invariant tensors 

e^e lP = 5 a p (A.3) 

^ ■ (A.4) 

By construction, the matrices (j m ) a p and (7 m ) a/3 are real and symmetric. Using the 
properties of the 4D sigma-matrices, we can immediately read off the properties of the 
3D gamma-matrices. In particular, for the matrices 

lm ■■= (7m)/ = ^ 7 (7m)a 7 (A.5) 

one readily obtains the relations 

{7m, 7n} = 2r/ mn l , (A.6a) 

7m7n = Vmn^ + £mnpl P , (A. 6b) 

where the 3D Minkowski metric is r\ mn = r\ mn = diag(— 1, 1, 1) and the Levi-Civita tensor 
is normalised as £012 — — £ 012 = — 1- Another useful relation is the following 

(7 m )a/3(7m) 7 5 = 2e alyl e s)[5 ■ (A. 7) 

To comply with the tradition, we will label the 3D vector indices by values 0, 1, 2. 
Given a three- vector V m , it can be equivalently described by a symmetric bi-spinor V a p 
defined as 

V aP := (l m )aisV m = Vp a , V m = -^ m ) aP V a p . (A.8) 



using the standard rule: 
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B The super-Poincare group 



The TV-extended super-Poincare group in three space-time dimensions, ty(3\Af), can 
naturally be realised as a subgroup of the superconformal group 0Sp(jV|2, M). Any ele- 
ment g G ^3(3 1 A/") can uniquely be represented in the form: 



g = s(a,e) h(M) 



(B.la) 
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In eq. ( IB.lbj) . the bosonic a a/3 = aP a = a m (7 m ) a/3 and fermionic ei a = e a i = ef parameters 
are real. 



A/"-extended Minkowski superspace is the homogeneous space 

M 3 ^ = <p(3|A0/SL(2,M) , 



(B-2) 



where SL(2, R) is identified with the set of all matrices h(M) defined in ( IB.lcl) . The points 
of M 3 ' 2A ^ can be parametrised by the variables 



z M = ( x m , Of) 
which correspond to the following coset representative: 



(B-3) 
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s(z) := s(x, 9) = 






-V29 a j 




\ 


iV26/ 








/ 



The supersymmetry transformation s(0, e) acts on the superspace according to the law 
s(x,9) — > s(x',9') = s(0,e)s(x,9), and thus 



x 



tCt QOL I ,Q! 



(B.5) 
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These results can be rewritten in terms of z A = (x a , Of) as 



z' A = z A -ie^Qjz A , (B.6) 
where we have introduced the supersymmetry generators 

Qa = i ^ + (l m U O^jdm = ^ + *ffy« ■ (B.7) 
From here we immediately read off the spinor covariant derivatives 

Di = + K7 m U 0?d m = ^ + i9% a , (B.8) 

which obey the anti-commutation relations 

{D I a ,D J p } = 2\5 IJ { 1 m Ud m . (B.9) 

As compared with the supersymmetry in four dimensions, the spinor covariant derivatives 
possess unusual conjugation properties. Specifically, given an arbitrary superfield F and 
F := (F)* its complex conjugate, the following relations holds 

(DiF)* = -(-ly^DiF , (B.10) 

where e(F) denotes the Grassmann parity of F. 



C N = 2 reduction for N = 3 and N = 4 supercon- 
formal Killing vector fields 

The TV-extended superconformal Killing vector fields were studied in section |5l Here 
we describe the reduction of the M = 3 and M = 4 superconformal Killing vectors to 
Af = 2 superspace. The results of this appendix are used in the sections [9] and [TUJ 
The analysis and the results given below are analogous to those described in the the 4D 
M = 2 case in pi [14]. 

We recall that M — 3 superspace is parametrised by the coordinates z A = (x a ,9fj), 
while its Af = 4 cousin by z A = (x a , 6^). Embedded into these superspaces is the Af = 2 
superspace parametrised by variables z a = (x a , 8 a , 8 a ), where the odd complex coordinate 
6 a is defined as 6 a = 0ft = 0°j, and for its conjugate 6 a = (6 a )* we have 6 a = 6% 2 = 6^. 
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Let $>(z A ) be an arbitrary M = 3 or M = 4 superfield. Its Af = 2 projection is 

$|:=$(^)| e±=0 , (C.l) 

where 8± stands for in the Af = 3 case, and fl^y) i n the A^ = 4 case. Given a 
vector field = V a (z)Da on the A/" = 3 or Af = 4 superspace, its Af = 2 projection is 
defined as 

y| = y A |D A . (C.2) 

The important point is that the covariant derivatives D] 1 = D] 1 and D 22 = -D 22 depend 
only on 9 a and 6 a . The explicit representation of the Af = 2 covariant derivatives is 

<} +i¥d a p = D l a 1 = D l ~ 1 , (C.3a) 
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-VPdap = -I% = -ti*. (C.3b) 
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They satisfy the anticommutation relations (I5.18p . 

C.l N = 3 superconformal Killing vector fields 

Let £ be a A/" = 3 superconformal Killing vector. Consider its Af = 2 projection 

ei : = e\D A = i + 2i P ^ 2 , i = r<9 a + e® a - r©« . (c.4) 

Making use of eq. ( 15. 34ft gives 

[£, Dl 1 ] | = [e|,DJ = u> a % + i(«r - 3<r)© Q - A u |££ . (C.5) 
The parameters in (1C.4|) and (1C.5I) are related to those in f!5.34j) as follows: 



*l = ^°£ a = i(D a r - D Q | a ) , = u> a/3 = -D (a ^ } = D (a ^ } , (C.6b) 

A n | = ip aP a , a 12 | = -^(© Q r + M a ) , (C6c) 



<x = I (o a £ Q - 3D a £°) = (2A 12 | + cr|) , D Q cr = . (C.6d) 

The Af = 3 superconformal transformation generated by £ induces two different transfor- 
mations of Af = 2 superfields. They are: 

1. A M = 2 superconformal transformation. It is generated by £ which, due to ( lC.5p . 
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is a Af = 2 superconformal vector field. Its components £ a ,£ a ,£ a as well as the descen- 
dants u) a /3, cr | and A 12 1, which are introduced above, correspond to the M = 2 parameters 
£ a , £ a , £ a , u a p, a and (i/2)A of subsection (ET5j) . 

2. An extended superconformal transformation. It is generated by the real spinor 
parameter p a under the constraints 

D(aP^) = 6 (q P/3) =0 <9 M p 7) = D 2 p Q = © 2 p Q = . (C.7) 

The general solution to these constraints is 

p a = e a - i\6 a + iX9 a + ^x afi + iri a 6% , (C.8) 

with e Q , A and r] a constant parameters. The real parameter e a generates the third Q- 
supersymmetry; the complex parameter A = A 11 | 0=o generates an off-diagonal SU(2) 
transformation; finally, the real parameter r\ a generates the third S'-supersymmetry trans- 
formation. 



C.2 N = 4 superconformal Killing vector fields 

In the Af = 4 case, the analysis is similar to that given in the previous subsection. 
The Af = 2 projection of the Af = 4 superconformal Killing vector field is 

£| := i A \D A = £ + p a Df - p a Df , £ = Cd a + fD a - ~t®a (C.9a) 

[£|,B a ] = u,/% + \{*t- 3^)©a - (Al) 11 !^ 1 - {^f l \Df , (C.9b) 

where 

e--=e\, r:=er T h f (aioa) 

*l = = - M a ) , ^ = UJ af3 \ = -D (Q ^ } = D (a |^ , (C.lOb) 

A 1 L 1 \ = -h} a p a , A£\= 1 -B a p a , (C.lOc) 

A[ 2 | +A^| = ~(B a e + M a ) , (ClOd) 

Al 2 \-^\ = \(Df&\-D^\) , (C.lOe) 

cr = ~(B a £ a - 3B a i a ) = A* 2 | + Af | + cr| , D a <x = . (C.lOf) 

Associated with £ are three types of Af = 2 superfields, specifically: 

1. A Af = 2 superconformal transformation. It is generated by the Af = 2 su- 
perconformal vector field £. Its components and the descendants u> aj 8,cr| and 
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(A^ 2 | + A R 2 |) should be respectively identified with the M = 2 superconformal parameters 
£, a ,£, a ,!; a ,u a i3,<T and (i/2)A introduced in subsection (15.31) . 

2. An extended superconformal transformation. It is generated by the complex pa- 
rameter p a satisfying the constraints 

®(aPfl = = 9 M p 7) = B 2 Pa = B 2 Pa = . (C.ll) 

The constraints are solved by 

p a = e a + X R 6 a - \J a + f)px afi + irf . (C.12) 

Here the complex parameter e a generates the third and fourth Q-supersymmetries; the 
complex parameters Al = Aj}\g=o and Ar = A^\g =0 generate off-diagonal SU(2)l and 
SU(2)r transformations; finally, the complex parameter r] a generates the third and fourth 
S'-supersymmetry transformations. 

3. A shadow U(l) rotation is generated by 

a := i(A R 2 | - A[ 2 |) = const . (C.13) 

In Af = 4 superspace, it describes a U(l) phase transformation of 6^, O^j on ly ; with 8?j, 9^ 
kept unchanged. 
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